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Independence of Maxwell’s equations:
A Béicklund-transformation view

C. J. Papachristou ® and A. N. Magoulas ®

@ Department of Physical Sciences, Hellenic Naval Academy
® Department of Electrical Engineering, Hellenic Naval Academy

Abstract. It is now widely accepted that the Maxwell equations of Electrodynamics
constitute a self-consistent set of four independent partial differential equations.
According to a certain school of thought, however, half of these equations — namely,
those expressing the two Gauss’ laws for the electric and the magnetic field — are
redundant since they can be “derived” from the remaining two laws and the principle
of conservation of charge. The status of the latter principle is thus elevated to a law of
Nature more fundamental than, say, Coulomb’s law. In this note we examine this line
of reasoning and we propose an approach according to which the Maxwell equations
may be viewed as a Bécklund transformation relating fields and sources. The
conservation of charge and the electromagnetic wave equations then simply express
the integrability conditions of this transformation.

Keywords: Classical electrodynamics, Maxwell’s equations, Béacklund transformations

1. Is Gauss’ law of Electrodynamics redundant?

As we know, the Maxwell equations describe the behavior (that is, the laws of change
in space and time) of the electromagnetic (e/m) field. This field is represented by the
pair (E,B), where E and B are the electric and the magnetic field, respectively. The

Maxwell equations additionally impose certain boundary conditions at the interface of
two different media, while certain other physical demands are obvious (for example,
the e/m field must vanish away from its localized “sources”, unless these sources emit
e/m radiation).

The Maxwell equations are a system of four partial differential equations (PDES)
that is self-consistent, in the sense that these equations are compatible with one
another. The self-consistency of the system also implies the satisfaction of two
important conditions that are physically meaningful:

¢ the equation of continuity, related to conservation of charge; and

¢ the e/m wave equation in its various forms.

We stress that these conditions are necessary but not sufficient for the validity of the
Maxwell system. Thus, although every solution (E,B) of this system obeys a wave
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equation separately for the electric and the magnetic field, an arbitrary pair of fields
(E,B), each field satisfying the corresponding wave equation, does not necessarily

satisfy the Maxwell system itself. Also, the principle of conservation of charge cannot
replace any one of Maxwell’s equations. These remarks are justified by the fact that
the aforementioned two necessary conditions are derived by differentiating the
Maxwell system and, in this process, part of the information carried by this system is
lost. [Recall, similarly, that cross-differentiation of the Cauchy-Riemann relations of
complex analysis yields the Laplace equation (see Sec. 2) by which, however, we
cannot recover the Cauchy-Riemann relations.]
The differential form of the Maxwell equations is

(@) V.E=£ (c) VxE _o8
& ot

1)
(b) V-B

I
o

- s oE
(d) VxB=pd+éu, ot

where p, J are the charge and current densities, respectively (the “sources” of the

e/m field). Both the fields and the sources are functions of the spacetime variables
(x,y,z,t). Equations (1a) and (1b), which describe the div of the e/m field at any
moment, constitute Gauss’ law for the electric and the magnetic field, respectively. In
terms of physical content, (1a) expresses the Coulomb law of electricity, while (1b)
rules out the possibility of existence of magnetic poles analogous to electric charges.
Equation (1c) expresses the Faraday-Henry law (law of e/m induction) and Eqg. (1d)
expresses the Ampere-Maxwell law. Equations (1la) and (1d), which contain the
sources of the e/m field, constitute the non-homogeneous Maxwell equations, while
Egs. (1b) and (1c) are the homogeneous equations of the system.

By taking the div of (1d) and by using (1a), we obtain the equation of continuity,
which physically expresses the principle of conservation of charge (see, e.g., [1], Sec.
9.6):

V-J+-—-2=0 2

Although the charge and current densities on the right-hand sides of (1a) and (1d) are
chosen freely and are considered known from the outset, relation (2) places a severe
restriction on the associated functions. A different kind of differentiation of the
Maxwell system (1), by taking the rot of (c) and (d), leads to separate wave equations
(or modified wave equations, depending on the medium) for the electric and the
magnetic field (see, e.g., [1], Sec. 10.4).

In most textbooks on electromagnetism (e.g., [2-6] and many more) the Maxwell
equations (1) are treated as a consistent set of four independent PDEs. A number of
authors, however, have doubted the independence of this system. Specifically, they
argue that (1a) and (1b) — the equations for the div of the e/m field, expressing Gauss’
law for the corresponding fields — are redundant since they “may be derived” from
(1c) and (1d) in combination with the equation of continuity (2). If this is true,
Coulomb’s law — the most important experimental law of electricity — loses its status
as an independent law and is reduced to a derivative theorem. The same can be said
with regard to the non-existence of magnetic poles in Nature.
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As far as we know, the first who doubted the independent status of the two Gauss’
laws in electrodynamics was Julius Adams Stratton in his 1941 famous (and,
admittedly, very attractive) book [7]. His reasoning may be described as follows:

By taking the div of (1c), the left-hand side vanishes identically while on the right-
hand side we may change the order of differentiation with respect to space and time
variables. The result is:

0 /- -
a(V-B)zo ©)

On the other hand, by taking the div of (1d) and by using the equation of continuity
(2), we find that

Q[VE—£]=0 (4)

And the line of argument continues as follows: According to (3) and (4), the
quantities V-B and (V- E—plg,) are constant in time at every point (x,y,z) of the

region Q of space that concerns us. If we now assume that there has been a period of
time during which no e/m field existed in the region ©, then, in that period,

V-B=0 and §~I§—p/80=0 (5)

identically. Later on, although an e/m field did appear in Q, the left-hand sides in (5)
continued to vanish everywhere within this region since, as we said above, those
quantities are time constant at every point of Q. Thus, by the equations for the rot of
the e/m field and by the principle of conservation of charge — the status of which was
elevated from derivative theorem to fundamental law of the theory — we derived Eqgs.
(5), which are precisely the first two Maxwell equations (1a) and (1b)!

According to this reasoning, the electromagnetic theory is not based on four
independent Maxwell equations but rather on three independent equations only;
namely, the Faraday-Henry law (1c), the Ampére—Maxwell law (1d), and the principle
of conservation of charge (2).

What makes this view questionable is the assumption that, for every region Q of
space there exists some period of time during which the e/m field in Q vanishes. This
hypothesis is arbitrary and is not dictated by the theory itself. (It is likely that no such
region exists in the Universe!) Therefore, the argument that led from relations (3) and
(4) to relations (5) is not convincing since it was based on an arbitrary and, in a sense,
artificial initial condition: that the e/m field is zero at some time t=0 and before.

Let us assume for the sake of argument, however, that there exists a region Q
within which the e/m field is zero for t <ty and nonzero for t > ty. The critical issue is
what happens at t=ty; specifically, whether the functions expressing the e/m field are
continuous at that moment. If they indeed are, the field starts from zero and gradually
increases to nonzero values; thus, the line of reasoning that led from (3) and (4) to (5)
is acceptable. There are physical situations, however, in which the appearance of an
e/m field is so abrupt that it may be considered instantaneous. (For instance, the
moment we connect the ends of a metal wire to a battery, an electric field suddenly
appears in the interior of the wire and a magnetic field appears in the exterior. An
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even more “dramatic” example is pair production in which a charged particle and the
corresponding antiparticle are created simultaneously, thus an e/m field appears at that
moment in the region.) In such cases the e/m field is non-continuous at t=t, and its
time derivative is not defined at this instant. Therefore, the line of reasoning that leads
from (3) and (4) to (5) again collapses.

Note, finally, a circular reasoning in Stratton’s approach. It is assumed that, in a
region Q where no e/m field exists, the second of relations (5) is valid identically.
This means that the vanishing of the electric field in Q automatically implies the
absence of electric charge in that region. This fact, however, follows from Gauss’ law
(1a); thus it may not be used a priori as a tool for proving the law itself!

Regarding charge conservation, we mentioned earlier that Eq. (2) is derived from
the two non-homogeneous Maxwell equations, namely, Gauss’ law (1a) for the
electric field, and the Ampére—Maxwell law (1d). This means that the principle of
conservation of charge is a necessary condition in order for the Maxwell system to be
self-consistent. This condition is not sufficient, however, in the sense that it cannot
replace any one of the system equations. Indeed, by the Ampéere—Maxwell law and the
conservation of charge there follows the time derivative of Gauss’ law for the electric
field [Eq. (4)]; this, however, does not imply that Gauss’ law itself is valid. Of course,
the reverse is true: because Gauss’ law is valid, the same is true for its time derivative.

Our view, therefore, is that the Maxwell equations form a system of four
independent PDEs that express respective laws of Nature. Moreover, the self-
consistency of this system imposes two necessary (but not sufficient) conditions that
concern the conservation of charge and the wave behavior of the time-dependent e/m
field. In the next section the problem is re-examined from the point of view of
Backlund transformations.

2. A Bicklund-transformation view of Maxwell’s equations

In previous articles [8,9] we suggested that, mathematically speaking, the Maxwell
equations in empty space may be viewed as a Biacklund transformation (BT) relating
the electric and the magnetic field to each other. Let us briefly summarize a few key
points regarding this idea. To begin with, let us see the simplest, perhaps, example of
a BT.

The Cauchy-Riemann relations of complex analysis,

L=v @  w=-w (b) (6)

(where subscripts denote partial derivatives with respect to the indicated variables)
constitute a BT for the Laplace equation,

Wiy + Wyy =0 @)

Let us explain this: Suppose we want to solve the system (6) for u, for a given choice
of the function v(x,y). To see if the PDEs (6a) and (6b) match for solution for u, we
must compare them in some way. We thus differentiate (6a) with respect to y and
(6b) with respect to x, and equate the mixed derivatives of u. That is, we apply the
integrability condition (or consistency condition) (uyx),= (uy)x . In this way we
eliminate the variable u and we find a condition that must be obeyed by v(x,y):
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Vxx + Vyy = 0.

Similarly, by using the integrability condition (vy),= (vy)x to eliminate v from the
system (6), we find the necessary condition in order that this system be integrable for
v, for a given function u(x,y):

Uxx + Uyy = 0.

In conclusion, the integrability of system (6) with respect to either variable requires
that the other variable satisfy the Laplace equation (7).

Let now vo(x,y) be a known solution of the Laplace equation (7). Substituting
V=Vy in the system (6), we can integrate this system with respect to u. It is not hard to
show (by eliminating vo from the system) that the solution u will also satisfy the
Laplace equation. As an example, by choosing the solution vo(X,y)=xy of (7), we find
a new solution u(x,y)= (x*~y*)/2 +C.

Generally speaking, a BT is a system of PDEs connecting two functions (say, u
and v) in such a way that the consistency of the system requires that u and v
independently satisfy the respective, higher-order PDEs F[u]=0 and G[v]=0.
Analytically, in order that the system be integrable for u, the function v must be a
solution of G[v]=0; conversely, in order that the system be integrable for v, the
function u must be a solution of F[u]=0. If F and G happen to be functionally
identical, as in the example given above, the BT is said to be an auto-Bdcklund
transformation (auto-BT).

Classically, BTs are useful tools for finding solutions of nonlinear PDEs. In [8,9],
however, we suggested that BTs may also be useful for solving linear systems of
PDEs. The prototype example that we used was the Maxwell equations in empty
space:

(@) V-E=0 (c) %E:-% o
(b) V-B=0 (d) ﬁxézgou()%

Here we have a system of four PDEs for two vector fields that are functions of the
spacetime coordinates (x,y,z,t). We would like to find the integrability conditions
necessary for self-consistency of the system (8). To this end, we try to uncouple the

system to find separate second-order PDEs for E and B, the PDE for each field
being a necessary condition in order that the system (8) be integrable for the other
field. This uncoupling, which eliminates either field (electric or magnetic) in favor of
the other, is achieved by properly differentiating the system equations and by using
suitable vector identities, in a manner similar in spirit to that which took us from the
first-order Cauchy-Riemann system (6) to the separate second-order Laplace
equations (7) for u and v.

As discussed in [8,9], the only nontrivial integrability conditions for the system
(8) are those obtained by using the vector identities

Vx(VxE)=V(V-E)-V?’E (9)
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Vx(VxB)=V(V-B)-V?B (10)

By these we obtain separate wave equations for the electric and the magnetic field:

- 0%E
V2E - g u,——=0 11
OIUO atz ( )

_ 0°B
VZB—goﬂoW: (12)

We conclude that the Maxwell system (8) in empty space is a BT relating the e/m
wave equations for the electric and the magnetic field, in the sense that the wave
equation for each field is an integrability condition for solution of the system in terms
of the other field.

The case of the full Maxwell equations (1) is more complex due to the presence of

the source terms p, J in the non-homogeneous equations (1a) and (1d). As it turns

out, the self-consistency of the BT imposes restrictions on the terms of non-
homogeneity as well as on the fields themselves. Before we get to this, however, let
us see a simpler “toy” example that generalizes that of the Cauchy-Riemann relations.

Consider the following non-homogeneous linear system of PDEs for the functions
u and v of the variables x, y, z, t:

Uy = Vy (a) u=v; + p (X’ Y, 2, t) (C)
(13)
uy=—Vx (b) Uu=vi+q(xy,zt) (d)

where p and g are assumed to be given functions. The necessary consistency
conditions for this system are found by cross-differentiation of the system equations
with respect to the variables x, y, z, t. In particular, by cross-differentiating (a) and (b)
with respect to x and y we find that ux+u,,=0 and vy+Vv,,=0; hence both u and v must
satisfy the Laplace equation (7). On the other hand, cross-differentiation of (c) and (d)
with respect to z and t eliminates the fundamental variables u and v, yielding a
necessary condition for the terms of non-homogeneity, p and q; that is, p.— g, =0. This
means that the functions p and q cannot be chosen arbitrarily from the outset but must
conform to this latter condition in order for the system (13) to have a solution.

As an application, let us take v=xy+zt (which satisfies the Laplace equation
Vxx+Vyy=0) and let us choose p=2t and q=2z (so that p;— g, =0). It is not hard to show
that the solution of the system (13) for u is then given by

u(x,y,z,t) = (x*-y*)/2+3zt +C.

Notice that uy+u,,=0, as expected.

Let us now return to the full Maxwell equations (1), which we now view as a BT
relating the electric and the magnetic field and containing additional terms in which
only the sources appear. As can be checked, there are now three nontrivial
integrability conditions, namely, those found by applying the vector identities (9) and
(10), as well as the identity

http://nausivios.hna.gr/

C-8



PART C: Natural Sciences and Mathematics

V(VxB)=0 (14)

(the corresponding one for E is trivially satisfied in view of the Maxwell system). By
(9) and (10) we get the non-homogeneous wave equations

- 0°E 1 - o
V?E - gypty—> = —Vp + fty— 15
0Ho =1z . Pt by (15)
2_’ 62§ — =
V B—go,uoﬁz—,roxJ (16)

Additionally, the integrability condition (14) yields the equation of continuity (2),

V.51 ¢ (17)

expressing conservation of charge. Notice that, unlike (15) and (16), the condition
(17) places a priori restrictions on the sources rather than on the fields themselves!

In any case, the three relations (15) — (17) are necessary conditions imposed by
the requirement of self-consistency of the BT (1). As explained in Sec. 1, however,
these conditions are not sufficient, in the sense that none of them may replace any
equation in the system (1). In particular, the equation of continuity (17) may not be
regarded as more fundamental than the Gauss law (1a) for the electric field.

3. Conclusions

Let us summarize our main conclusions:

1. The Maxwell equations (1) express four separate laws of Nature. These
equations are mathematically consistent with one another but constitute a set of
independent vector relations, in the sense that no single equation may be deduced by
the remaining three. In particular, the physical arguments that attempt to render the
two Gauss' laws “redundant” are seen to be artificial and unrealistic.

2. We consider the Maxwell equations as physically acceptable simply because
the system (1) and all conclusions mathematically drawn from it represent
experimentally verifiable situations in Nature. Among these conclusions are the
conservation of charge and the conservation of energy (Poynting’s theorem). It should
be kept in mind, however, that conservation laws appear as consequences of the
fundamental equations of a theory, and not vice versa. In particular, conservation of
charge, in the form of the continuity equation (17), is a physically verifiable
mathematical conclusion drawn from the Maxwell system (1) but it may not be
regarded as more fundamental than any equation in the system. The same can be said
with regard to the existence of e/m waves, expressed mathematically by Egs. (11) and
(12).

3. From a mathematical perspective, the Maxwell system (1) may be viewed as a
Béacklund transformation (BT) the integrability conditions of which (i.e., the
necessary conditions for self-consistency of the system) yield separate (generally non-
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homogeneous) wave equations (15) and (16) for the electric and the magnetic field,
respectively, as well as the equation of continuity (17). These integrability conditions
are derived by differentiating the BT in different ways; hence they carry less
information than the BT itself. Consequently, none of the integrability conditions may
replace any equation in the Maxwell system.
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Theodosios Geo Douvropoulos
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Abstract. In this paper, we explore the dynamics of a qubit state prepared in a
double-well potential generated by the coupling of the system with the
environment through two independent field barriers. Thus, we adopt the path-
integral theory to reveal the system’s complex energy spectrum through the
construction of its Green’s function. In particular, we focus on the alteration of
the “Hadamard Time” defined in the current paper. We qualitatively study the
aforementioned alteration as a function of various parameters, such as the
magnitude of the field barriers, the relative size of the well related to the
internal barrier, and the shape similarity factor. We analytically define these
quantities inside the manuscript. We also discuss in detail the appearance of the
exponential decay rate. Since our results come in analytic form, they permit
their future numerical application in realistic physical and quantum computing
systems.

Keywords: Qubit, Hadamard Gate, Superposition State, Beam Splitter, Double
Well Potential (DWP), Path Integral Method, Inversion Period, Exponential
Decay Rate, Decoherence

PACS: 03.65.—w, 03.65.Sq, 03.65.Xp

INTRODUCTION

The qubit, which is the quantum version of the classical bit [1], corresponds to a
class of quantum systems possessing a characteristic property that can admit two
possible values. In general we focus our attention on this property and consider the
rest as frozen or out of interest. Thus considering the spin of an electron, the two
possible values are namely the spin up and spin down while considering the
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polarization of a photon, the horizontal and vertical polarization, [2,3]. As far as the
position of an atom or electron is concerned, the double well potential serves as a one
dimensional qubit where the atom or electron can be found in the left or right well.
Spin qubits can be realized by either solid-state or superconductor technology [4,5],
and at the same time position qubits (for instance the presence or absence of an
electron in a quantum dot) which are known as charge or electrostatic qubits, can also
be implemented either in a semiconductor manner [6,7] or using a Cooper pair box
[8,9] in superconductors. A combination of the above deals with the use of hybrid
spin-charge superconducting qubits, e.g. transmons, [10]. The interested reader may
find a review of the current semiconductor and super-conducting technologies in
[11,12].

The one-dimensional double well potential (DWP), depicted by Figure 3 that
follows, not only stands throughout the ages as a model for the study of some peculiar
but still most basic quantum phenomena, such as internal tunneling and energy
splitting, but at the same time is a widely used practical model for the study of a
variety of systems and processes in Physical Sciences. Out of the plethora of such
studies, we distinguish the Ammonia maser [13,14], the Bose Einstein condensates
[15-17], structural phase transitions [18], matter-wave interferometry in atomic
dimensions [19], realization of qubits, [20], and realization of beam splitters [21].

Quantum computation strongly relies on the realization, manipulation and
control of qubits. As far as the realization is concerned, a basic technique deals with
the construction of a double - well potential in such a way that the energies of its first
two eigenstates appear to have a large gap with the rest, [22,23]. For example holes in
qguantum wells have the attractive property of a light effective mass which is highly
desirable for spin qubits since it provides large energy level spacing in quantum dots,
[24]. In addition it is well known from the late 90s that we can use linear components
of quantum optics technology, such as lossless symmetric beam splitters, for the
implementation of universal quantum gates such as the Hadamard gate, and to further
perform precisely the computation of quantum gates and algorithms, [25]. A Bose
Einstein Condensate beam splitter uses condensates instead of single particles and can
be realized with a DWP of tunable height, [21].

A single particle qubit implemented as a DWP, can be built up from two
coupled semiconductor quantum dots, where the band offset of different materials in
one direction results in an effective one dimensional DWP, [26-28]. Alternatively it
can be built up through the use of superconductor devices based on the Josephson
effect, where the effective DWP results via a RF-SQUID circuit [29-31]. A third
option comes from trapped ions in a DWP which are confined via the use of strong
magnetic and electric fields, [33-35]. However it is extremely difficult to confine a
trapped ion in different topology than the one of a in-line arrangement providing a
low scalability and in addition just as other quantum processors they demand
extremely low temperatures. Despite the complexity of the above mentioned systems,
their basic structure and dynamics can be explained through basic principles of the
one dimentional DWP, [35-37].

Thus, during the recent years many different schemes both theoretical and
experimental have been proposed for the implementation and manipulation of qubits
through effective one dimensional DWP. Mentioning a few we distinguish the
analysis of the phase evolution of the Cooper pairs wave function for obtaining a
DWP with cusp barriers for current qubits, [38], the DWP Josephson junction
between two d-wave superconductors, as an implementation of a phase or flux qubit,
[39], the analysis for designing a vortex qubit created in a DWP in a semiannular
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Josephson junction, [40,41], buckling nanobars which are nano-electromechanical
guantum coherent systems as to be forming a DWP for charge qubits, [42], quantum
dots in semiconductor nanocolumns prepared by epitaxial growth and where the
carrier confinement in the direction of the DWP can be achieved by conformal
overgrowth of a semiconductor barrier layer, [43], and many others.

A suitably engineered quantum well can stabilize the charge state of the qubit
against photoionization [44] and when an electric field is imposed on the DWP the
induced lack of inversion symmetry allows the possibility of different qubit
manipulation methods such as electron spin resonance, electric dipole spin resonance
and g-tensor modulation resonance, [45]. On the other hand the most exotic
phenomena of quantum mechanics such as quantum entanglement can be produced
through a DWP qubit and its interaction with a source of non classical light, [46]. In
addition, single and two-qubit operations can be realised through a high degree of
control over the tunnel coupling of the DWP, while spin-orbit coupling obviates the
need for microscopic elements and enables rapid qubit control through fast rotations,
[47].

As far as the dynamics of the qubit is concerned, decoherence was understood to
play a key role at the very beginning of quantum computation, [48]. Coherence time
refers to the length of time that a quantum superposition state can survive. The key is
to have a quantum superposition live longer than it takes to perform an operation or
experiment. Manipupation of the qubic destroys isolation and induces decoherence of
its state. It is experimentally observed that spin-based qubits maintain coherence for a
longer time length than electrostatic qubits [49].

Hence, all the above motivated us for producing the current work. In this paper
we study the dynamics, meaning the time evolution, of a qubit state in a DWP, which
is a potential that possesses two minima separated by an internal barrier, under the
additional influence of a two channel (barrier) field, as this is depicted by Figure 2
that follows. In a way, it continues previous works of ours on the DWP, [50,51]. Such
a model adds to the normal dynamics of the DWP the possibility of irreversible
dissipation to the free particle continuum. The work described in this paper,
constitutes a particular implementation of the path integral method to the model
potential which is depicted by Figure 2, where a barrier field is inserted in each side
of the unperturbed potential of the qubit, in order to qualitatively describe not only the
field-induced variation of energy splitting and/or time period of internal oscillation,
but the appearance of exponential decay rates as well, describing the dissociation of
the qubit. However we should have in mind, that when it comes to application, most
of the formal and mathematical work uses arbitrary parameters. Therefore, the
interesting information of such calculations is not in the absolute value of the
numbers, since it is hard to see how experimental conditions and measurements can
test exactly the model problem. In addition, the present treatment has allowed the
derivation of analytic formulas for the energies, the energy shifts, and energy widths,
due to tunneling. Such a potential has not been treated before analytically, making the
problem rather challenging.

The present paper is organized as follows. In the first section we describe in short
the path integral method to be applied, for the construction of the qubit’s Green’s
function, introducing the various phase factors to be used. Next we actually apply the
method and gradually construct the qubit’s Green’s function, by taking in account the
various phase factors that the system’s topology acquires through successive
propagation and reflection events. We also carry out the tedious algebra and calculate
the qubit’s Green’s function in a compact fractional form. In the third section we
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briefly review the dynamics (time evolution) of the DWP and define the Hadamard
Time. Next we bring out the significance of its energy spectrum, as far as the energy
splitting and the Hadamard Time are concerned. In the fourth section we reveal the
system’s complex energy spectrum, while in the next section we analyze the
dynamics of the model studied, concerning the alteration of the Hadamard Time and
the exponential decay rate, for various values of the parameters used. In this section

we introduce quantity sim(f ,,§) that measures the shape of the qubit’s internal

barrier relative to the one of its well. In the final section we conclude, and light our
most important results.

THE CONSTRUCTION OF THE QUBIT’S GREEN’S
FUNCTION VIA PATH INTEGRALS

As is well known, both the Schrodinger and Heisenberg picture in Quantum
Mechanics, deal with the basic dynamical differential equations involving either the
states or the operators, [52]. In deep contrast, Feyman’s formulation of path
integration [53], offers an alternative geometric picture and targets directly towards
the solution of the Schrodinger equation, which is constructed in the form of a
propagator.

Feynman showed how a system’s propagator can be determined by the “sum over
histories”, meaning quantity

KF — N J‘eiS(X(t))/h DX(t) (1)

where the above functional expresses the sum over the classical paths and S stands for
the classical action. Thus, the square meter of the propagator, which is

|K(x,t2 X xl,t1)|2, gives the probability of finding the particle at the time t;, assuming

the starting and ending point to be x; and X, respectively Its energy Fourier
transform, called the fixed energy amplitude [54], is the system’s Green’s function
K(E). Its construction reveals the energy spectrum of the system under study, since
the Green’s function can be written as a sum of energy pole terms of the following
form

Cn

K(E)~ X == @)

The Z, energy poles may be real or complex, depending on the dynamics of the
system under study.

In their periodic orbit theory, Gutzwiller [56] and later Miller [57,58], showed
the way Green’s function can be constructed for one dimensional propagation, via the
calculation of all the possible changes in phase of the wave-function through the
corresponding changes of the action, during the system’s propagation over the
classical paths. Holstein [59] in his seminal work, put all these together, and nicely
showed how the fixed energy amplitude, can be used to achieve analytic continuation
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of the propagator to forbidden regions of motion, (potential barriers), where the
particle travells in imaginary times. His central result for the calculation of the
transmission amplitude via an infinite set of paths that the particle follows, can be
written in the compact form that follows

o [NG) @
K(E) = Z{th ” sﬁ”} ©)

j=1 i=1 hn

In the above equation  k, is a non local wave number of the particle connecting the
initial and the final point of propagation and defined by

« Ky, = VK (K(r,) (4)

where k(y) = \/Zm(E ~V(y))/n* \with E standing for the energy and V(y) for the potential
function. The index j corresponds to a particular path, while the index i corresponds to
a certain event along the path. Therefore, the symbol sif” represents each i event
factor that contributes to the j™ path normalized to the maximum change in phase
which is equal to 2z. Their total number is N(j) and depends on the path. These event

factors are of two types. One type represents propagation and the other represents
reflection from a turning point.

The sif” propagation event phase factors describe propagation (from a to b) in an

b . = -
either allowed region (given by exp[ifk(y)dy]=¢'*®™ =4 , where the U superscript
stands for the shape of the well), or in a forbidden region (from b to c) of motion
(given by expl:—‘_c[ﬂ(y)dyHEeg(b) =& Wwith /I(y)z\/Zm(V(y)—E)/hz =ik(y), Where
b

the m superscript stands for the shape of the barrier). The dimensionless phase
quantities g() and &) will be called the “qubit well magnitude” (qwm) and the “
qubit barrier magnitude” (qgbm) respectively. A large qwm corresponds to a deep and
broad potential well while a large gbm corresponds to a high and broad potential
barrier. These quantities appear continuously in the text and figures that follow and
play a significant role in the qubit’s dynamics since the first contributes to the
oscillation of its orthogonal basis states and the second to the tunneling phenomenon.

The 35” reflection event phase factors describe reflections from turning points, (—i for

reflection from a turning point in an allowed region, + i/2 for reflection in a forbidden
region , and —1 for reflection from an infinite barrier).

However, someone notes that the reflection factors (except of course for the case
of an infinite barrier), do not take in account the relative size of the involved areas.
For example if a particle is reflected back to a classically allowed region of motion,
the reflection factor will always be equal to (-i), no matter how large is in magnitude
the potential barrier on the other side of the turning point. Clearly, this is an issue that
has to be solved and it actually does in the context of the present research, as will be
seen later. Both s@®) and £p) are dimensionless phase quantities. The above
mentioned rules are in total depicted by Figure 1 that follows and can also be found
in standard textbooks of path integrals, or quantum tunneling as well, [54,60]. For the
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present requirement of computing the overall transmission amplitude, the points r;
and r, are in the classically allowed region of motion of the left well of Figure 2.

Propag_ation in_a classically Propagation in a classically
”””” oo accessible region <o inaccessible region
dashline {1t025t06,7t08,9to 10} dotline {2t03,4to5}
b _ V) : _
exp[ifk(y)dy] = g, exp{—‘ifl(y)dyufib
104,,,,,,,,,,,,94)7
m - 8 4
51 IR M <p
2 E
a b c
Reflection factors
0 From an infinite barrier = -1 Total amplitude for overall propagation
Back to a classically between 1 and 10:
accessible region = -i )
Back to a classically amEm ! Ema ARG 1. 4z 2
O b)&(b) = (D) Ab)(D)Ib)(-)Ab) =—= Ab) &b
naccovsbloregon < sz DO EOIDANAND) = 40 €O

FIGURE 1. The rules for the construction of the path integral amplitudes through the SS”

event factors. Here we depict a path example involving 9 event phase factors. The dash line
stands for propagation in a classically allowed region, while the dot line for propagation in a
classically inaccessible region. These regions are characterised so by the relative value of the
energy. The square reflection factor (-1) stands for reflection from an infinite barrier, the
circle reflection factor (-i) for reflection back to a classically allowed region and the elliptic
reflection factor (+i/2) for reflection back to a classically inaccessible region.

As far as the model is considered to have only one degree of freedom,
corresponding to the relative position of the atom or electron, it can be treated as a
one dimensional physical system. Thus we can apply the path integral method for the
construction of the Green’s function. In addition we should sketch the perturbed one
dimensional potential as in Figure 2 that follows:
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potential energy

X
V(y) + f2
; = Internal barrier X
< /;< = Field barriers X +,
0 arr, b c d e Y
L R position

FIGURE 2. The potential of a perturbed double well. There are five regions of motion: the
classically accessible regions L and R corresponding to states |o)and [1), and the classically

inaccessible regions X, X, X of the internal and the field barriers respectively. The blue lines
f; and f, stand for the electrostatic field imposed on the right and left well respectively while E
stands for the particle’s energy. The slope of f; and f, is proportional to the corresponding
field strength. There are four turning points of motion (a,b,c,d) and points r; and r, lie
between a and b of the left well.

Figure 2 describes the induced topology of the potential as this is determined by the
specific value of the energy. There are four turning points, meaning a, b, ¢, and d. In
this way we have five regions of motion, two classically allowed (L and R wells) and
three classically forbidden (barriersx, X, X). In order to construct the overall
transition amplitude for propagation between points r; and r, of region L, we divide
the problem into simpler ones.

For this we write K(E) as a sum of transition amplitudes involving specific regions of
motion each time, of the form:

m

2
nih

K(E) =

®)

L ouls L) LRRX  LERXX
Y 4+ +Y +Y +Y

L,x,R

where Y for example denotes the amplitude for propagation involving the
classically allowed regions L and R as well as the internal barrier, in all possible
ways. Table 1 that follows explains the symbols that we will use in the rest of the
manuscript, concerning the various amplitudes.
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SYMBOL DESCRIPTION
9 Contribution of a single propagation in a
classically allowed region as a function of the
ending point r for starting point a

& Contribution of a single propagation in a
b classically forbidden region as a function of
the starting point b

Aq(r ) Amplitude for a single propagation from
left to right inside region g between points r;

and r,
A, (r;r) Amplitude for infinite repetitions of the

propagation between r; and r, in all possible
ways, while staying at region g

SN Overall amplitude for exhausting
{ P N q} combination of the regions p and g
propagating between r; and r,

YPa Total contribution to the Green’s function
through the exclusive combination of regions
pandq

TABLE 1. Basic symbols and their definition, in the current manuscript.

In Appendix A we separately develop each amplitude of eq.(4) providing the basic
steps. In the lines that follow we give an example by calculating the contribution of

the L well. Transition Amplitude Y- involves propagation inside the classically
allowed region of the left potential well where the state |0> lives. It is constructed by

fundamental amplitudes, for example A(r;a) that connects points r and a in a single

straight path moving from right to left, (the arrow denotes direction), and by
amplitudes A (r;a), that connect r and a with infinite repetitions (including

reflections) in all possible ways. In this way we can write:

Yh=A () + A (na)(-) {A (:a)(-)A (a;n)+ A (a;b)(-)A (bir,)}

6
+A (b)) {A (bib)(-)A (bir,) + A (b;a)(-i)A (air,) | ©

Table 2 that follows contains the calculation of the above mentioned fundamental
amplitudes:
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Fundamental amplitudes of area L Function of event phase factors
AL(rl;rZ) '§r2/'§r1
AL (r11a) grl
A (1;b) 8,18,
A @) g,
A (br,) 9,18,
. -\ -1
A (a;a) {2 Re (4, Sb}
. - -1
A (a;b) {2Re(4,)]

TABLE 2. Calculation of the amplitudes involved in the propagation inside region L.

Giving a second example, the A (a;a) amplitude comes from the infinite repetition
of the (a;a) propagation, including the reflection factors, which is

S5, 1 1
a,a)=1+4 (=) (-)+...= — = — — 7
A (a;a) L (=) 4, (=) 1337 20 Red, ()
It is also clear that
= 1
a;b)=9 A (a;a) = — 8
A (D)= GA @a) = s ®)
Putting all these together we get for the Y- amplitude the following expression
_ g2 _. 9 _ _
Y =9 /39 + 1v2 —i lgbv -97="-i3 4 9)
> 1+ 8 4.9 & 2t
Introducing 7" =i¥29, we finally get for the Y" amplitude
o Img7t 2Im9r* Imgr'
Y = —/I L L z (10)

— + — —
g7’ 9 Red,

Equation A.15 of Appendix A gives Green’s function for the total amplitude
contribution, as

m 1
K(E) =" s oo (11)
L+x+R+x . . la a
h kr1 i 2{1-Y X X(rl,a)ﬁg—((a,a)}Sb ReSb
where the amplitude YL HRX is defined by equation A.12 of Appendix A and
given as
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L+s4R+% . Im&"
Y =-2I— 7
Sy
2Im,§g’4lm§g"‘ 1
3,

4Re, -2 +

and the field barriers X and X acquire phase factors to form the following barrier

?r(y)dyH =e@ =g,

e

jr(y)dyH =e’@ =y and exp[—

d

magnitudes exp{—
0

H S22
respectively, and where of course A (a;a) = él§+/4 .
+ a

SHORT REVIEW OF THE TIME EVOLUTION OF A
QUANTUM STATE IN ADOUBLE WELL POTENTIAL

In the present chapter we briefly review the dynamics concerning the time
evolution of a quantum state in a double well structure, as this can be found in any
standard textbook of quantum mechanics and quantum tunneling [14,61]. For this, we
assume to have the two initially separated lowest, degenerate eigenstates of the two
independent unperturbed wells, namely |0)and |1) with energy E,, that do not overlap
with each other, as depicted by Figure 3 that follows. These states will interact through
the finite potential barrier that separates the two wells to construct the eigenfunctions
of the DWP. Since the potential is an even function, its Hamiltonian commutes with
the parity operator. Thus we can construct an orthonormal basis of symmetric and
antisymmetric states, as follows

5= {0) 10} and A= {0)-[n) (13

In fact we can mathematically describe the finite potential barrier as a perturbation
matrix of the form U = -dc,, [62], where of course o stands for the Pauli matrice:

01
o0 ) 0o

o —_

Hence the total Hamiltonian becomes equal to H :( ] Diagonalization of the

0

Hamiltonian gives two new eigenvalues for the symmetric and antisymmetric state,
which are respectively: E; =E —dandE, = E  + 6, whose energy distance is equal

to 4=20. Thus, the degeneration of the two initial states is removed, and an energy
splitting appears of the corresponding energy levels.

Let us assume now that at t=0 the system is prepared in the state |O> of the left well,
which can be written as a superposition of states of the DWP:
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‘P(t:0)=|0>=i{S+A}. The time evolution of the state will then be

NA

P(t) =L fguEomng | o iE AL 1 terms of the initial eigenfunctions of the two
J2

separate wells, we can write
Y(t)=e"~""{cos(st/h)|0) +isin(st/n)[1)} (15)

We particularly focus on the “Hadamard Time”, defined as the time needed for the
initial state of the qubit (|O> or 1)) to come in an equally weighted superposition of the
two complementary orthogonal states, |0) and |1). In the context of the present
research activity this time is defined as the Hadamard Time, since the action of the

Hadamard gate on |0) is actually H|0) :%{|0> +[1)}. Thus, the time needed for the

initial state |O> to come in an equally weighted superposition of itself and its
complementary state |1) is equal to

T, =— 16
=g (16)

Hadamard Time comes as a function of the energy difference of the two lower states of
the DWP. Thus, in order to explore the system’s dynamics under the action of the two
field barriers, we must first analyze its energy spectrum. The diffusion of the initial
state to the continuum set of states through the field barriers, turns the spectrum into
complex. Hence, the real part of the spectrum determines the alteration of the
Hadamard Time while the imaginary part determines the state’s decay rate to the
continuum, meaning decoherence.

V()

FIGURE 3. The doublet splitting in a DWP. The two initially degenerate states |O> and

|1> with energy E, of the two separate unperturbed wells, interact through the internal

potential barrier xand form the symmetric (S) and antisymmetric states (A) of the full
potential, with energies E, — 6 and E, + 4 respectively.
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THE ENERGY SPECTRUM OF THE FIELD PERTURBED
DOUBLE WELL

As we have already seen, the step by step construction of the total Green’s
function, reveals gradually additional fractional pole terms, coming as the extra
contribution of each new region of motion. In turn, these poles correspond to the
energies of the system due to the qubit interaction with the field barriers.

Thus, for each fractional contribution of the total Green’s function, we need to
expand the denominator around the eigenvalues E, of the unperturbed well. In this
way, we calculate the energy shift that takes place, coming from both type of barriers,
namely the internal qubit and the field diffusion barriers. In Appendix B we
analytically calculate the energy poles that arise through the above described method.
In the lines that follow we give an example of such calculation, concerning the poles
of the unperturbed quantum well meaning region L.

Region L contributes with the pole term:

Pole " ~ {gb,n Red,, }71 17

The poles of the fractional term arise naturally from the condition Re$ =0, which
can be equivalently written as

Tk(y)dy=n;z+7z/2 (18)

Assuming a parabolic type of potential well, as depicted by Figure 2, meaning a
2

function of the form V (y) =x(y-vy,)* , where x = Z?f

with T being the period of

classical oscillations and y_ corresponds to the bottom of the well, we can actually
calculate the integral in (18) and find the energy poles as

E, - (n +%)7m (19)

which are the exact eigenvalues of the harmonic potential. Giving another example
we can assume a rectangular potential well of infinite walls, which is approximately
true as long as we can assure that the internal barrier is much higher than the lower
eigenstate of the well. Then we would have instead of (10) the following:

Img™* 2Im97* Img7'*
— _2| n + n n
arld a a
g 4 Im&

YL

(20)

and consequently
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\J2m b 7°h?
Edy=nz=E =n"—"" (21)
2m(b-a)

b
[k(y)dy = e

which of course are the exact eigenvalues of a particle in a box. Thus, the pole term

of (17) reveals the eigenvalues of the isolated unperturbed potential well
According to Appendix B the energy eigenalues for the rest region amplitudes go as

following:
a) Regions L and x contribute with the perturbed eigenvalues
(22)

F=E,-£,{d Ené(b)}(zﬁ{d Eng(b)}) —i(d* 9(b)) S’
where the subscript n denotes calculation on the eigenvalue E, and where the symbol

d® denotes derivation with respect to the eigenvalue E,

b) Regions L, x and R contribute with the perturbed eigenvalues

3

F { {d* 9(b)}[ ] {d%E(0)} >
“ - {{d 9(b)}§2[1—§"'") fa“E®)} = +{a" 5(b)}§:¢({d%9<b)})}
ZL,x,R:En_ § E §
E, Q éb,n § ‘f E, Q 2
{—{d 9(b)}{1— 4j [d%&(0)} 2 } w2 (a6 ))&, 7 ({d"9)}))
(23)
c) Regions L, X, R, X contribute with the perturbed eigenvalues
_ _ _ _ ~ d=3(b
{%n{{d IO)}(4-E,7) 428, {d5E D)} + 28, {{d )} FE, (d"9(b)f -2 {()}7}
ZL,S&,R,XZE _ (yd §b ) §b
_ ~ ~ 2 ~ _ 3(b
{{d=80)}(4-&,7) 28, {d5EM)] +128,7| {d=E®)} 7, {d“I(b)} -2 {(ﬂ
(7..8.) -&.!
= é E, ?d,nngb‘nil
{+4;, [ {458 @)} 7= {d=90)f +{d B(b)}?dmz_ 5]}
, 147907,
(7..6.) -&.!

{{d 9(b)}(4—4if)izéb,n{dE"E(b)}}z+{2§b,5[{d%<b)} £, {d=4(b)} -2
(24)
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d) finally regions L, %, R, xand X contribute with the perturbed eigenvalues

[+2/,‘b ., J{{d 9(b)}[4+.§b 34] ‘E”Z{dE"S(a)}ingn{dﬁg(b)}}
[ 28, ) z}{zgh [{dE~.§(b)}¢ Hd* 9(b)}+2{d S(b)} fh J 522(;{dE~9(b)}+{dEn5(a)}j}
{{dEﬂé(b)}[ 4+¢ " 54 ] . {a° §(b)} {d 5(a)}}2

{2@;[{%5@)} &, {d=9(b)} +2{d" S(b)} yzﬁ j 5';" (;{dE".ﬁ(b)}+{dE"5(a)}j}

Vou

[iZG’M“) ezzle{Zewu [{d Eé(b)} ) {d Eng(b)} + Z{d Eg(b)}%jf%(%{d En@(b)} + {d 55_(3)}}}+
[e oy’ ]{{d 8(b)}[ 4eg ]+2e""’{d o) % (o 5(a>}}
{{dE'g(b)}[4+§b_n2 {d 5(5‘)}}
P E £ — 7 “1fqEq §D ga‘nz 1 E, q &S z
{z.»;bn [{d EO)FE, (a0 £2{"90)} g] ) [g{d 9(b)] +{d 5(3)}]}

d,n

+i

e jtza (470} -2

(25)

FIELD INDUCED DYNAMICS OF A QUBIT STATE

The time evolution of a qubit state in a double well structure, as this is induced by
the presence of two independent field barriers depicted by Figure 2, concerns the
alteration of the Hadamard Time, as well as the appearance of the exponential decay
of the initial state into the continuum. As we have already seen the spectrum turns to

the real part is concerned, the result is the splitting of the E, which is the lowest
energy of the unperturbed wells, into two new states, with energies equal to

E; =E, +0E; , E,=E,+0E] (26)
and then the Hadamard Time is given according to (16) as

h

S LE— 27
Trare 4(5E: - 5E) 1)
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where the subscript f generally denotes the presence of a field barrier.
In the absence of the field barriers the WKB approximation is obtained as [24,26]

2
T

2w§b,o (28)

THd /WKB ~

where o is the frequency of the classical periodic motion between turning points a
and b corresponding to energy E, . The above result in (26) is obtained using the linear
connection formulae. In the lines that follow we calculate the Hadamard Time
separately for the cases of 1) the unperturbed DWP, ii) the double well plus field

barrier f; and iii) the double well plus both field barriers + f; and +f, depicted by
Figure 2.

) The case of the Unperturbed Double Well Potential:

According to (23) the real parts of the doublet splitting, read

1%{—{&”9@)}(1—5‘“’]i{d5<>§(b)}§;0}
R e, A
(45 a % é, eio 2
{ {d 19(b)}[1 . ) {d=&(b)} } {{d Eb)}E,, ({d 9(b)})}
(29)
Thus the Hadamard Time is given as:
;{[1—%]—5|m(§ 3)§b"}
{1 5‘“’] gy o } g‘”{sm(f 19);,)+1}
Tl.lfd';'R = Thamwks . g 3
+2{[1— 4 J+S|m(§ 9) }
{1 f‘“’] sim(¢&, ,9)5“} 5‘“’{3|m(§ 9)410—1}
(30)

which of course goes far beyond the WKB expression. In fact, as can clearly be seen,
eq. (30) reduces to (28) by keeping only the dominant terms (omitting terms like

e ™ or smaller), and taking the barrier to be energy independent, meaning taking
{d E‘ug?(b)}zo, for a small energy area around E, where the splitting takes place.
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Thus we are motivated to further explore the energy dependence of the Hadamard
Time. For this, we introduced in (30) quantity

{d=E(0)}/{d™9(b)} =sim(E,9) (31)

defined as the “shape similarity factor” between the barrier and the well, given as the
ratio of the change in barrier magnitude to the change in well magnitude, as energy

increases, some kind of &(b) derivative with respect to §(b). It is easily understood
that the above quantity is negative since 9(b) increases with the increment of the
energy while &(b) decreases. The above are depicted by Figure 4 that follows.

positive change in well magnitude ~ case of a small in absolute value sim (& ,9)

Lo A\ \ E+5E
\\/ E

case of a large in absolute value sim (&, 9

s = blue area
sim(&,9)|= | ——
‘ (¢ )‘ ‘\} green area

E+dE

negative change in barrier magnitude

FIGURE 4. The variation of the shape similarity factor Sim(&,9)for two different

cases of the potential barrier shape, relative to the one of the potential well. Note that the blue
colour denotes a negative change in the barrier magnitude as energy increases (shorter
barrier) while the green colour a positive change in the well magnitude (deeper well).

In Figure 5 that follows we depict Hadamard Time as a function of the similarity
factor for two different values of the qubit barrier, employing (30).
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TL,S&,R :
Hd 2,24
Tha iwke 1 - - -
2,04 ’ Qubit Barrier magnitude 0.20
o |
E 187 T =0.57 for sim=1.39
'_ B min
T 164
m 4
% 1,4
k]
] |
T 1,2
o
3 |
2 10
[
g |
5 084
z |
0,6
0,4.,.,.,.,.,.,.3,.,.,.,
00 02 04 06 08 10 12 14 16 18 20
shape similarity factor sim(f, 19)
L,%,R
T 2,2 -
_Hd
Thd ke 204
o 18 Qubit Barrier magnitude 0.35
E o
[ .
° 1,6 T =0.64 for sim=1.69
© |
£
<
e}
©
T
o
@
0
©
£
<}
P4
T T T T T T T T T T

02 04 06 08 10 12 14 16 18 20 22 24

shape similarity factor Slm(g, g)

FIGURE 5. The variation of the Hadamard Time, (normalised to the WKB expression), as
a function of the similarity factor sim(&,$) which relates the change of the field magnitude

to the change of the well magnitude with energy increament, for two different values of the
qubit barrier magnitude. For each case the Hadamard Time becomes minimum for a certain

value of the similarity factor Sim(&,9) .
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i) Field barrier f; active and field barrier f, inactive

According to (B-9) of Appendix B the real parts of the energy splitting, read

_ _ _ _ _ _ _ _ _ d=9()!7,.?
xzéb,o{{dE°9(b)}(4—§bf)t2§bo{dEﬂé<b>}}+2§b,;‘[{d%§(b)}xéb,o{dEﬂg(b)}—ZWJ}
7d.0 b.o - b.o

ELARE_E _

0 0

. . . R , . - ~ ~ dED Q b -2 ’
{590} (4-&.07) £ 28, {d=E )] +{2§b,f{{d%(b>}%l{dE°9(b>}—2%]}
7(1,0 b0 ~ Sbo

(32)

For the present purpose we currently disregard the energy dependence of the field
barrier and write the real parts of the energy splitting as follows

—QfFf —ng 3 77d‘02
{+8§b,0+2§b,0 —4(mj} (33)

E, Q 77d,o2 :
{16{d g(b)}}{l{mz —ci,fj }

Thus the Hadamard Time is given as:

) 2R
T =T e (1+ bo ] 1+{AZ‘“’AZJ =
4 yd o é:b,o (34)
7THE = 1+£ ) 1+ e 2
THd JWKB 4 eiwm -1

where we have introduced the dimensionless quantity

sm=In(&/7,) (35)

as a measure of the difference in magnitude between the qubit and the field barrier f;.

In Figure 6 that follows, we depict the variation of the ratio T,;} /T, , . With quantity

om. It is clearly seen that as sm increases, the normalised Hadamard Time tends to
unity, since then the field barrier becomes almost impenetrable and the Hadamard
Time coincides with the one from the WKB approximation. On the contrary when the
difference in magnitude between the qubit and the field barrier becomes negligible,
Hadamard Time increases a lot.
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fl

THd
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THd IWKB 1
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14_. qubit barrier magnitude 0.2
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Normalised Hadamard Time

'0.5;/6(' S 5m£2|n('§,/?d)

difference in magnitude between qubit anf f, barrier

FIGURE 6. The normalised Hadamard Time as a function of the difference in magnitude
between the field and the qubit barrier. Hadamard Time tends to the WKB expression as the
difference in magnitude increases and reaches a value twice the WKB one, for a difference in
magnitude of the two barriers equal to 0.596.

iii) Both field barriers f; and f; active.

According to (B-12) the real parts of the energy splitting, read

[:2510 - 53; J{{d Evé(b)}{4 +&,- 53; J 532*’ {d%o(a)} £ 2¢,,{d%¢ (b)}}

+[—2¢’.,j - ‘%]{2@;[@ “E(b)} 7 &, {dT9(b)} +2{d*I(b)} fbvgf Yas ZJ_ Ous [l{d =9(b)}+{d Eos(a)}j}
ELARZX _E _ 4 Yo ~Soo 2 \2

{{dE"g(b)}[—4+ E; —53;} 2, {d=E(b)} —5"‘2"{d5°5(a)}} +

{2@;[{&“5@)} F&,{d%9()} + 2{dE°9(b)}W]5"‘°ZG{dE“9(b)} +{d Eﬂé(a)}j}

77u‘02 751:‘02 2
(36)
Thus, we get for the Hadamard Time the following expression:
f.fy 1 2
Ta® _ T T (37)
1 2
THd IWKB THd IWKB (THd _THd )
with
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( - ’“32]2{ ,{ ezamDZ
—4+2sim(&,9)&, —sim(5,9)—22 | + 724 | 1-2

2(top sign) 2 eZé‘m 1

T 1(down sign) __ T
Hd

' Hd/wKB ] 52 . o
{{—4@0—;‘)][:%4 fﬁm ]_251’;55018}““
e?m1 (38)
o _ ~ _ 52
Sim(g"g) _4§b,0+2§b,o _Zé:lio_ ZYO "
S £-132
{S"”@'g) [55]}

In Table 3 that follows we include the values of various parameters that were
employed in (38), as these were taken from our previous results.

Parameter Value
Qubit barrier strength 0.20 / 0.35
o(\) (Figure 5)
Difference in strength 0.596 / 0.693

sm=In(¢&/7,)

for 200% of the WKB
value of the Hadamard
Time (Figure 6)

sim(&,3): similarity 1.39 / 1.69
factor for minimum value
of the normalized
Hadamard Time in

(Figure 5)
0 field barrier 0.35
magnitude

TABLE 3. The values of the parameters used in (38) for producing Figure 7

Thus we produce Figure 7 that follows, where the variation of the normalised
Hadamard Time as a function of the similarity factor Sim(J,) is depicted.
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T fi. fy
Hd : : -
—_— qubit barrier magnitude 0.20

THd wie P qubit barrier magnitude 0.35

04

0,3

0,2

0,1

Normalised Hadamard Time

0,0 A+
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14 16 18 20 22 24 26

shape similarity factor sim(g, 9)

FIGURE 7. The variation of the normalised Hadamard Time as a function of the similarity
factor sim(S ,,§) which relates the change of the ¢ field barrier magnitude to the change of

the well magnitude with energy increament, for two different values of the qubit barrier
magnitude.

As far as the imaginary part is concerned, we should point out that this contributes to
the exponential decay rate of the initial state. This can be seen by taking the Fourier
transform of the Breit-Wigner or Lorentzian decay amplitude

i (39)

Gr(E) = T
E—(E0+5Eo—i2“j

and extending the spectrum to the full real axis —oo < E < o instead of being bounded
from below 0 < E < oo (“Fermi’s approximation”). The time evolution of the decaying
state is then given by

—i(Ey+8E, )t/h oot/ 2

Y(t)=¢e e ¥(0) (40)

Thus the survival probability of the initial state is given as

P(t) ~ /"

(41)
and this is called exponential decay. The decoherence of a quantum superposition
state due to its interaction with the environment leads to an exponential decay law,
[65,66]. Thus, 7 /T'o is a meter of the qubit’s decoherence time, meaning the time
interval that the coherent superposition state survives. However if we do not
necessarily extend the spectrum we will also find non exponential contributions for
both small and large times. As far as the region of large times is concerned the non

exponential contribution dominates the system’s evolution and takes the following
form, [64],
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P(t) ~ H(EO +OE, ) + FZZ }tz}_l (42)

In Figure 8 that follows we depict exponential decay rates I';™®* and I\
which are twice the imaginary parts of (B-9) and (B-12) respectively, as a function of
the similarity factor sim(&,9), for the parameter values contained in Table 5. In
addition we extract the value of 18.2 for the similarity factor sim(s5,9), taken from
Figure 7, which makes the corresponding Hadamard Time a minimum.
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@© 0,07 Q
o0 L030 <
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L 006 Lo2s g
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o | L0200 T
g oo T
0; Lo.15 ;
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= f, magnitude = 0.5
0,08 T f, magnitude =0.5 and f, = 0.4
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FIGURE 8. Comparison of the exponential decay rate for barrier field f; only active and
both barrier fields f; and f, active, as a function of the similarity factor sim(&, ), for three

different cases as far as the relative magnitude of the field barriers is concerned: a) f;<f,
b) f;=1,, c) f;>f, . Note that the two rates come in different orders of magnitude.

CONCLUDING REMARKS

In this paper, we studied the dynamics of a positional-based qubit structure as
this is induced and controlled by the presence of two independent electrostatic fields.
Our attention focused on the Hadamard Time, defined in the present paper as the time
needed for the initial state to come in an equally weighted coherent superposition of

the two orthogonal qubit states |0) and |1), through the particle’s probabilistic

appearance in both quantum wells. First, we analytically solved the model providing
analytical relations for the system’s Green function and energy eigenvalues. Second,
we gave analytical expressions for the intrinsic qubit’s time needed for oscillation
between its orthogonal states and more than this of the time required for decoherence
to appear through exponential decay.

In quantum computation, knowledge of the Hadamard Time is significant since it
corresponds to the knowledge of the time needed for quantum coherent superposition
to appear. The latter makes a substantial difference to quantum computing compared
to its classical counterpart and makes quantum calculations much faster and the
guantum computational system itself much more capable, [1]. Thus, in order to carry
out quantum computations we should, at first, adjust the clock frequency of the
computational system to the “frequency” f =1/Tng Of series of revivals of the
superposition state. One can produce entangled states through such suitably prepared
superposition states, [67]. Thus, frequency adjustment is required for quantum
cryptography as well. In addition, our computing system gets less complicated since
now no Hadamard gate is needed. At the same time, decoherence is unavoidable due
to the qubit’s interaction with the environment. Decoherence destroys quantum
superposition and forces the system to decay. The exponential decay rates that we
analytically calculated in the current paper provide a decoherence time scale for the
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duration of the computational calculations, maintaining their effectivity and accuracy.
Decoherence time should be much longer than the period of revivals of the
superposition state, [48]. In addition, the analytic study of the above phenomena
through path integral theory provides more insight into the physics of the system.

In particular equation (30) gives the Hadamard Time in the case of the
unperturbed or ideally isolated qubit. Clearly our result goes far beyond the WKB

expression. But most importantly introduces quantity sim(&,9), defined as the

similarity factor that relates the shape of the well to the one of the barrier as explained
in Figure 4. As far as our knowledge goes this quantity has never before been
introduced in the international bibliography. It is some kind of correction to the phase
event reflection factors that contribute to the path integral calculation, (see the
discussion at the end of the first section). In Figure 5 that follows eg. (30), we have
depicted the dependence of the normalized (to the WKB expression) Hadamard Time
on the similarity factor sim(&,9), for two different values of the qubit barrier

magnitude. The Hadamard Time receives a minimum value. Both the minimum and
the minimum position are increasing functions of the qubit barrier magnitude. Thus
the DWP can be suitably engineered for Hadamard Time to receive its minimum
value. The latter is very important since then small variations in the qubit’s potential
will not alter Hadamard Time and consequently will not change the time scale of
computation ensuring stability. Hadamard Time tends to a constant value when the
well and the barrier are not shape related, sim(&,9)=0, but increases unlimited as

sim(&,3) increases, since then the qubit barrier becomes almost impenetrable.

For the case of the field barrier f; alone, which permits the interaction of the
qubit state with the continuum, eq. (33) describes the dependence of the Hadamard
Time on the difference in magnitude of the qubit and the field barrier, with the later
expressed through quantity ém defined in (34). In Figure 6 we depict the above
mentioned dependence for a qubit barrier magnitude equal to 0.2. It is clearly seen
that the Hadamard Time tends to the WKB expression as the difference in magnitude
increases, since then the field barrier becomes impenetrable. On the other hand as the
magnitude of the field barrier is lowered approaching the one of the qubit barrier,
Hadamard Time increases, since then tunnelling is equally preferable by both
mechanisms: internal oscillation and external diffusion to the continuum. Giving an
example, Hadamard Time becomes twice the WKB expression for a difference in
barrier magnitude nearly equal to 0.6. The field barrier magnitude is directly
dependent on the field strength imposed on the qubit. Hence a suitably engineered
DWP and a suitable applied electrostatic field f;, including its starting point and slope,
uniquely determine the computational time scale.

When both field barriers are active, we are interested not only for the change in
Hadamard Time but for the change of the exponential decay rate as well, compared to
the case of the field f; alone. Thus, in Figure 7 we depict the dependence of the
Hadamard Time with the factor sim(J,9)which relates the change of the ¢ field

barrier magnitude to the change of the well magnitude with energy increament, for
two different values of the qubit barrier magnitude. The Hadamard Time becomes
minimum for a certain value of the similarity function. Both the minimum value and
the minimum position are increasing functions of the qubit barrier magnitude. Quite
impressively, the minimum region corresponds to much larger values of the similarity
factor compared to the case of the perfectly isolated DWP. Actually, their difference
is equal to one order of magnitude. In addition, minimum Hadamard Time becomes
much smaller, enabling fast but still stable quantum calculations. Interestingly
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enough, the curve corresponding to the larger qubit barrier, is positioned under the
smaller qubit barrier curve, after a characteristic value of the similarity factor.

As far as the exponential decay rate is concerned, we compare the case where
both field barriers, f; and f,, are present, with the one where only the field barrier f; is
active. In Figure 8, we have sketched the decay rate as a function of the similarity
factor sim(&,9), for the previously mentioned field presences, examining separately

three different values of the f, magnitude: greater, equal and less than the f; magnitude
where the latter is assumed to remain constant. In each case the two rates come in
different orders of magnitude and their difference is an increasing function of the f;
barrier magnitude. Hence, the qubit state decays much faster due to the presence of a
double field barrier. However, for large values of the similarity factor, the two rates
become nearly equal, since then the dominant mechanism is the internal oscillation
and not decoherence. Finally, let us assume that f; stands for the system intera-ction
with its environment while f, electrostatically controls the qubit. Interestingly enough,
the case of nearly equal barriers, as is shown in figure 8c, does not speed up the
system’s decay compared to the situation where control is absent. In other words, we
can control the qubit without accelerating its decoherence.

APPENDIX A:
Analvytic calculation of the propagation amplitudes beyond Y".

i) Transition Amplitude Y-~

This includes propagation inside the classically allowed region of state |O> and the

classically forbidden internal barrier X . This will affect the eigenvalues of state |0)

which will be naturally perturbed. We wuse the following symbolism:
Y- E{L =, ;}A(b;rz), in order to indicate the fact that we must first alternate
region L with the one of the internal barrier, in all possible (infinite) ways between
points r; and b, and then propagate in all possible ways from point b to r,, while
staying at region L. So, we must first come to point b which is common for the two
regions and this results to A (r;;b). Then we interchange the two regions in all possible

ways, starting and ending at turning point b. We finally propagate inside region L,
between b and r,. According to the above we have:

Y = A (1;D)A (b;b) {1- A (b;b)A (b))~ A (b;T,) (A-1)

Repeating the procedure of the previous paragraph, by substituting the phase event
factors and doing the tedious algebra we find:

qQrl4 qQrl4
o Im37™ ImS; 1 1 (A-2)
g Re 3 = ?
., b Red,— bor
4+¢
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i) Transition Amplitude Y-*®

In this case state |0) not only interacts with the internal barrier but with state |1) as

well. It is obvious that we must first come to turning point c, by interchanging in all
possible ways the regions of L, X, R, and then interchange the couples (L, x) and (R,
%) in all possible ways. Finally we can propagate to point r, through the couple (L, %)
or by staying entirely at region L. Putting all these together we get

TR =L 2lg) 2 %)[1-{L e R ;}T [{L =2 2p+ A (b; rz)]
(A-3)

Table A; that follows contains the above coupled regions propagation amplitudes as
these are calculated in terms of fundamental amplitudes:

Amplitudes for Function of Fundamental Amplitudes
the regions L, X, R

{Le % S
A (1;b)A (bic) {1- A (b;b)A (b;b)}

A (b:b)A (i) {L- A (Bib) A (bi)}

A (D) A (b;b)[1- A (D) A (;b)] * A (biT,)

A(GOA (G {L- A (ci0)Acio)}

TABLE A,. Calculation of the coupled regions ({L, X}, {R, X }) path integral amplitudes in
terms of fundamental amplitudes.

Repeating the procedure of the previous paragraph, by substituting the phase event
factors and completing the tedious algebra, we find:

1
_ E(+2ImIE P +Re
Re19b—§b ( bc":iz b)+
5 4+ ¢
TLER o Im g:“‘ulm 32/4 gb (+2 Re 9 é:b—l |m1§b) (A-4)
3, 4+ E2
3 1
Q £?2
Re9 - Sy
4+§b

where the twofold symbols * that appear in the first fractional term, mean that we
must actually sum two fractions, one for each sign.
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iii)  Transition Amplitude Y-*R*

In this case state |O> not only interacts with state |1> through the internal barrier but

with the field barrier x as well. This will force the system to decay. It is obvious that
we must first combine the three regions L, % ,R, by propagating from r; to turning
point d, and then combine regions x,R,%, by propagating from d to b, and then
alternate the couple (L, %) with (R,x) in all possible ways. Finally we can propagate
to point r, through the couple (L, %) or by staying entirely at region L. Putting all
these together we get:

-1

YERRA ML =0 ;}AR(c;d)[u{R = i}][l—{R 2 2L ;}]
r2g RIA @)1+ {x 2} R} |[1-{x 2! R}{x 2 R}]

_1—(—i)A1(r1;b){L 28 % A(d)[1+ R 5 [1-{R20 2} {L 24 ;}]1 T (AD)

In Table A, that follows we have calculated the coupled regions propagation
amplitudes of this category, in terms of fundamental amplitudes.

Amplitudes of the Function of Fundamental Amplitudes
regions L,X, R
Re=s) AL A el
A.(c;c)A.(c;c)[1- A (c;e) A (c;c)]
L=, X
{ } A (b;b) A (b;b)[1- A (b;b) A, (b;b)]
Xé_g R}
A (c;d)A (cio)[1- A(cio)A(cio)]
Xzt R
} A(c;i)A (co)l1- A (cie)A(c;o)l”
=

A (d;d)Ac(c;d)[1- A (d;d) A (c;c)]”

TABLE A,. Calculation of the coupled regions ({R, X}, {L, X}, {X,L}) path
integral amplitudes in terms of fundamental amplitudes.
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The field barrier X acquires a phase factor and forms the following barrier magnitude

exp[—

algebra, we finally get:

e

[z(y)dy

d

}z e7 =y, . Putting the above together and completing the tedious

1
_[(#2Im8 & +Re g, ) +

_ L(ﬁ Reg,&, " —Imd,) ]
,Im 7't im 37" 2R 4+ &7 (A-6)
I9b

L,X,R,X
Y

where quantity p is defined as

p= {_49‘?&;29 4 + (4ng}7dv) 'gb3 Re gb )2 } (A'7)

Again the symbol £ that appears in eg. (18), means that we must actually sum two
fractions, one for each sign.

iv)  Transition Amplitude Y-*®**

State |1>has already interacted with the total region on its right side, before reaching

point a in order to interact with the second field barrier x . A second channel of decay
appears now. Thus we need to modify all the previously calculated transition
amplitudes in such a way that propagation ends at turning point a instead of r,. Thus

we use the symbol Y-"**(r;a)to describe the sum of the previously calculated
amplitudes for r, = a. Modifying in this way the amplitudes we get:

Tr = A (5;2) + A (5;2)(-) A (a;:8) + A (1;b)(—i) A (b;a) (A-8)
Y, = A()A (i) {L- A (D) A (bib)}* A (b;a) (A9)

Rl R [1-{Le R 5] (Lt A ()]
(A-10)
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TSR = (L2l Acd)[ 1+ (R85 [1-{R 22 %
{F2g RIA(Cb)[ 1+ {x 22 R} |[1-{ }

DA ) {L 2 A (cd)[1+{R =

et RIA @)L+ (Rt RIJ[1-f3

:1+{L 2 <R i}[l—{R 2! 3Ly >“<}T}[1+{L =0 i}}AL(b;a)

Obviously

YL+>"<+R+§( a) Yr . + Y:,;; YL x,R YL %,R, X (A'lZ)

r—a n—a

The combination of the above with the field barrier X, according to our
aforementioned directions, gives the following:

YLERAX [YL***R**(rl;a)A&(a;a) +(YL***R**(rl;a)A&(a;a))2 +..}AL(a;a) _

. (A-13)
Y (g a)Aaa) [ 1- YT (a)Adasa) | A (aia)

where a single propagation inside field barrier X acquires a phase factor that forms

the following barrier magnitude exp[— ?r(y)dy
0

} e*® =5, and where of course
2

Q'n &)

[
A& 2o

Putting all these together we get the total transition amplitude for propagation
between points r; and a in the following form

Ytotal — YL+2+R+>‘<(rl;a) + YL,;,R,;,; —
Ytotal — YL+>‘<+R+>‘<(r.a)+ YL+;+R+;( a)A;((l a)AL(a a) (A-14)
1 1— Y\O +5%+{1) +><( a)A;(a a)

+X+R+x% . . 1 +X+R+% . +X+R+X .
yheR (q’a)/&(a}a){[gh§|Qe§i]__YL § (q,a)}4—YL ()
b b

1— YL+;+R+;(r1; a)A&(a; a)

Ytotal _

It is interesting to notice that the pole condition: 1—Y“"""(r;a)A (a;a)=0,
transforms the total amplitude in its much simpler form
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1
21— YR (1) A (a;2) )9, Re d,

Ytotal — (A'15)

APPENDIX B:

Analvytic calculation of the energy poles of each propagation amplitude beyond
that of region L.

Regions L and % contribute with the extra pole term:

205 -1
Pole"* ~ {Regb _ ot } (B-1)

It is obvious however, that the complex denominator of the above fraction cannot be
in any way equal to zero. Thus, we expand the denominator around the eigenvalues of
the isolated unperturbed well. Doing so we find

pole, L - {E _{En Y djE(b) (2\/5 de(b)j' _i[de(b)j' 5*’4”2 H (B-2)

Thus the perturbed eigenvalues become complex and equal to

Zb* =, - &, d"E )} (242 {d"8(0)}) ~i(d=9(b))" ‘f‘;”z (B-3)

where the subscript n denotes calculation on the eigenvalue E, and where the symbol
d® denotes derivation with respect to the eigenvalue E,

i) Regions L, X and R contribute with two extra pole terms (one for each
sign):
oolel R Regb—gb (J_rZImegB* +Rel9b)+i &} (+2 Re g, ~Im4,) (B-4)
4+ &2 4+ &2

http://nausivios.hna.gr/

C-40



PART C: Natural Sciences and Mathematics

The two fold signs that appear in the above formula translate to the doublet splitting

that was previously described. Hence, we develop the denominator of the above

fraction around the eigenvalues E, of the unperturbed well, to get
1

L%R _
& (F2-1&,)
U {{dRam}(-4+ &7 )£ 2{d5EM)}E, 7 128, {{dE )], (5 9()))
(B-5)

Pole,
E-E +

The perturbed eigenvalues become then complex and equal to

52{ {dEné(b)}[l—"Eb"J {a= g(b)}(fb }
_ s

{ {d= S(b)}é [1—‘5"'"} (42 +{d é(b)}ébf:({dE"@(b)})}
{a=cojé, =(jo=s00)]
(B-6)

LXR%

_jom
2N =E, - : -
{—{dE"g(b)}[ ] fa= g(b)}f } %
i) Regions L. %, R, X contribute with two extra pole terms (one for each
sign), coming through the fraction
PoleL S R% _ _ ~12v N
4Red, - &9, + 9 p
1 (B-7)
2= _ 1/2
(4§b7d) 9, Red,
- Zo5 2 -
(4Re'9b_§b "gb) +(§b}/d)

Pole
4Red, — &9, + {45297 +

For once more, we develop the denominator around the eigenvalues E, of the
-1

unperturbed well to get
(_igb,n $2)
LR {d=9(b)}+2i&,, {d= S (B} +{d=I(D)} S,
Pole, =" ~ EE) 45 ()2
(E-F &0 | —2{d5E(b)}+2i{d"S(b)} { - (2)}? ;
Vdn _é:b,n
(B-8)

Thus the perturbed eigenvalues become complex and equal to
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- _ - - _ _ n _ _ 3(b
728, {{d590)}(4-&,7) £28, 7 {d“EM)}} + 28, {d5E (D)} % &, {d=9(b)} -2 &
L,x,Rx (7/d ézb ) fb

ZyRE g~

g E 2\ y0F (4SEO) 428 Sl 2 : d=9(b 2
{lasm)(a-£,1) =25, o) +{2§bvnz({d5f<b>}m1{dw<b>}— Wﬂ

(7o) =&,

{:49%, [ (8 £} 75 (0700} a0 L5 J}

d,n b,n

{{dEng(b)}(zx—&E)ﬂ&n{dE"f(b)}}:{?fwzL{daf(b’}ﬁ o0} ({7;“)))}2]}
(B-9)

iii)  Regions L,%, R,xand X contribute with two extra pole terms, (one for
each sign), arising through the following condition as this is induced by eq.

(23):
4Rel§b_5b21§bi —4(5)1§b)2+ (4§vb77d)v195R2619b(f’) .
(4Re,-&78,) +(&7,) (B-10)
1

=0

—(1+i){Red, + Im§b}1+45 >

a

We develop the above quantity around the eigenvalues E, of the unperturbed wells

and impose the:
SlE Sa n2 = 53 n2
_I£§b,n2 + 4 J$2§bn - 4 +

2

{d Eng(b)}(_4 +&,2- (Z‘T”] +2ig, 2 {d E"f(b)}— {d E”g(a)}aaT’n (B-11)

(E-E,) Ifb,n[—Z{dE"E(b)}ui{dEné(b)} i{d° g(b)}}/ m_n 2] o

S 2

(1 E, q E, o 5an
—|(E{d "9(b)} +{d na(a)})T

Thus, once more the perturbed eigenvalues become complex and equal to
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[:25.,“ - 51"2 j{{d E~§(b)}[4 +&, - 52"2 ] - 5;"2 {d%o(a)}+2¢, {d E~§(b)}}

2
n

+[—2éhf—5j; ]{zébf[{d%(b)}xéw1{dEw9<b)}i2{dEw(b)}f"z_7;; 2}—5;”[i{dgﬂﬂ(b)%{dﬁ(a)}]}

Z[I]_,X‘R‘x,'x _ En _ dn b,n
{{d Ené(b)}[fug'bf 751" ]J_rsz‘n {d E“f(b)}—%”{d Ené(a)}} +
{2£bnz[{d5"§(b)}¥ébn1{dE'§(b)}iZ{dE".§(b)}§;_}7ﬂ§;"2J—5“2”(;{dE"@(b)}Jr{dE”é(a)})}

- e 24, (2 E £ —ah(d E Q E, Q ) 5‘”2 1 E q E $
(¢2e¢W)7§4247j{2e M’[{d"§(m}+eM){d"S(M}iz{d"3(bME:%;7:E:@;7]7457[§{d"3(m}+{d"5(aﬂ]}+
i [e’“*“’ +‘§1~2]{{da9(b)}[_4+ £ _éT]i 2640 fa=E )}~ E"é(a)}}
+

N

{{dﬁng(b)}[—ﬂéhf—éﬂv" jizgm {dﬁné(b)}—(sﬂ;{d&&(a)}} +

4

{2&5[@ “EOFE, a0 2(a" )T ]%@{d (0} +{d Ewﬂa)})}

(B-12)
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Approximate solutions of Maxwell’s equations
for a charging capacitor
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Abstract. In previous articles we derived a system of partial differential equations by
means of which one may obtain expressions for the electromagnetic field in the interior
and the exterior of a charging capacitor. In the present article a recursive process is
described for finding solutions of this system in power-series form with respect to time.
This allows one to find approximate solutions of Maxwell’s equations in a number of
situations of physical interest.

Keywords: Maxwell’s equations, Faraday’s law, charging capacitor

1. Introduction

In previous articles [1,2] we described a mathematical process for finding expressions
for the electromagnetic (e/m) field — i.c., solutions of Maxwell’s equations — in the
interior and the exterior of a charging capacitor. These solutions generalize the
“classical” results found in the educational literature of electrodynamics [3-9], which
results were noted to not satisfy, in general, the Faraday-Henry law (Maxwell’s third
equation).

Our method was based on a simple idea: we started with the known (incomplete)
solutions and “corrected” them by adding unknown functions to be determined by
using the Maxwell system. This led to a system of partial differential equations
(PDEs) for these functions, in which system the (generally) time-dependent current
that charges the capacitor appears as a sort of parametric function.

In the present article we suggest a mathematical process for obtaining solutions of
the aforementioned system of PDEs in the form of power series with respect to time.
This allows one to find approximate expressions for the e/m field in certain situations.
For example, a slowly varying (thus almost time-independent) current allows for the
“classical” solutions given in the literature, while a current that is almost linearly
dependent on time (as may be assumed, in general, for any smoothly varying current
in a very short time period) allows for new solutions that correct the standard
expressions for the electric field while retaining the corresponding expressions for the
magnetic field.

It should be noted that, regarding the solutions in the exterior of the capacitor, no
retardation effects related to the finite speed of propagation of e/m interactions will
concern us here. Indeed, as discussed in Sec. 4, our solutions are valid at points of

ISSN:1791-4469 Copyright © 2022, Hellenic Naval Academy

C-47


mailto:papachristou@hna.gr

NAUSIVIOS CHORA, VOL. 8, 2022

space not far from the capacitor, so that any change in the physical system will be felt
“simultaneously” at all points of interest.

2. Solutions of Maxwell’s equations inside the capacitor

We consider a parallel-plate capacitor with circular plates of radius a, thus of area
A=rd®. The space in between the plates is assumed to be empty of matter. The
capacitor is being charged by a time-dependent current I(t) flowing in the +z direction
(see Fig. 1). The z-axis is perpendicular to the plates (the latter are therefore parallel
to the xy-plane) and passes through their centers, as seen in the figure (by G, we

denote the unit vector in the +z direction).

Figure 1

The capacitor is being charged at a rate dQ/dt=I(t), where +Q(t) is the charge on
the right plate (as seen in the figure) at time t. If o(t)=Q(t)/za*=Q(t)/A is the surface
charge density on the right plate, then the time derivative of ¢ is given by

QM _10

oO==a = a

1)

We assume that the plate separation is very small compared to the radius a, so that
the e/m field inside the capacitor is practically independent of z, although it does
depend on the normal distance p from the z-axis. In cylindrical coordinates (p, ¢,z) the
magnitude of the e/m field at any time t will thus only depend on p (due to the
symmetry of the problem, this magnitude will not depend on the angle ¢).

We assume that the positive and the negative plate of the capacitor of Fig. 1 are
centered at z=0 and z=d, respectively, on the z-axis, where, as mentioned above, the
plate separation d is much smaller than the radius a of the plates. The interior of the
capacitor is then the region of space with 0<p<a and 0<z<d.

The magnetic field inside the capacitor is azimuthal, of the form B = B(p,t) u,. A

standard practice in the literature is to assume that, at all t, the electric field in this
region is uniform, of the form

g-2Wy )
o

while everywhere outside the capacitor the electric field vanishes. With this
assumption the magnetic field inside the capacitor is found to be [4,5,8]
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= Ml)p o wpl e
B= - G, == =4, 3)

Expressions (2) and (3) must, of course, satisfy the Maxwell system of equations
in empty space, which system we write in the form [3,10]

S _ - 0B
(@) V-E=0 (©) VXE:_E
z 4
(b) V-B=0 (d) ?x§=€ouo%—t

By using cylindrical coordinates (see Appendix I) and by taking (1) into account, one
may show that (2) and (3) satisfy three of Egs. (4), namely, (a), (b) and (d). This is not
the case with the Faraday-Henry law (4c), however, since by (2) and (3) we find that

VxE =0, while

a_é: IUOII(t)p a
ot 2A o

An exception occurs if the current | is constant in time, i.e., if the capacitor is being
charged at a constant rate, so that 7'(t)=0. This is actually the assumption silently or
explicitly made in many textbooks (see, e.g., [4], Chap. 21). But, for a current I(t)
with arbitrary time dependence, the pair of fields (2) and (3) does not satisfy the third
Maxwell equation.

To remedy the situation and restore the validity of the full set of Maxwell’s
equations in the interior of the capacitor, we must somehow correct the above
expressions for the e/m field. To this end we employ the following Ansatz, taking into
account Lemma 1 in Appendix II:

Ez[ﬂn(p,t)] G,
€o

(_ﬂo'z(/;)/’ ; g(p,t)] i, ©)

o'(t) = 1(t) /A

where f (p,t) and g(p,t) are functions to be determined consistently with the given
current function I(t) and the given initial conditions. It can be checked that the
solutions (5) automatically satisfy the first two Maxwell equations (4a) and (4b). By
the Faraday-Henry law (4c) and the Ampére-Maxwell law (4d) we get the following
system of PDEs:
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ot _ag  wl'®)p

_—t —

ap ot 2A

10 of
1609 _, , of
p Op ot

(6)

Note in particular that the “classical” solution with f (p,t)=0 and g(p,t)=0 is possible
only if 7'(t)=0, i.e., if the current | is constant in time, which means that the capacitor
IS being charged at a constant rate.

The quantity (1/p)d(pg)/0p in the second equation, having its origin at the
expression for Vx B in cylindrical coordinates, must tend to a finite limit for p—0 in
order that the rot of the magnetic field be finite at the center of the capacitor. For this
to be the case, d(pg)/0p must only contain terms of at least first order in p. This, in
turn, requires that g itself must be of at least first order (i.e., linear with no constant
term) in p for all t, or else g must be identically zero. We must, therefore, require that

g(p,t) > 0 for p—0 @)

for all t. Keeping this condition in mind, we can rewrite the system (6) in a more
symmetric form:

ot _ a9 ml'®p

op ot 2A

awm:%%a@n
op ot

(8)

In principle, one needs to solve the system (8) for a given current I(t) and for
given initial conditions. An alternative approach, leading to approximate solutions of
various forms, is to expand all functions (i.e., f, g and I) in powers of time, t. We thus
write:

=31t (9a)
f(p)=3 f,(AT" (9b)
9.0 =Y g.()1" (9)

Then, for example,
'(t)=>_nl t" =>"(n+1)I,,t", etc.
n=1

n=0

Obviously, I, has dimensions of current x (time)™, while f, and g, have dimensions of
field intensity (electric and magnetic, respectively) x (time)™.
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Substituting the series expansions (9) into the system (8), and equating
coefficients of similar powers of t on both sides of the ensuing equations, we get a
recursion relation in the form of a system of PDEs:

f, ()= (n+1){gn+l(p)+%l }

(10)
[29,(P)] = (N+1) £014 2 T2 (0)

for n=0,1,2,... All non-vanishing functions gn(p) are required to satisfy the boundary
condition (7); i.e., gn(p)—0 for p—0.

An obvious solution of the system (10) is the trivial solution f,(p)=0 and gn(p)=0
for all n=0,1,2,..., corresponding to f(p,t)=0 and g(p,t)=0. For this to be the case, we
must have I,+,=0 for all n=0,1,2,..., which means that I(t)=lp,=constant (independent
of t). This is the case typically treated in the literature, although the condition I=const.
is usually not stated explicitly.

The simplest nontrivial solution of the problem is found by assuming that f and g
are time-independent, i.e., are functions of p only. Then, by (9b) and (9c), f=fy(p) and
g=0o(p), while f,(p)=0 and gn(p)=0 for n>0. The system (10) for n=0 gives

ﬂo 1/0

o (p) = and [ pgo(p)] =0

with solutions

,Uo 1/0

fo(p) = +C and go(p)=—

respectively. The boundary condition go(p)—0 for p—0 cannot be satisfied for A+0;
we are thus compelled to set 1=0. Given that f(p,t)=fo(p) and g(p,t)=go(p), the solution
of the system (8) is

f(pit) = ,Uollp

+C, g(p,t)=0 (11)

As is easy to check, by the first of Egs. (10) it follows that 1,=0 for n>1. Therefore
I(t) is linear in t, i.e., is of the form I(t)=lp+I1t. By assuming the initial condition
1(0)=0, we have that Ip=0 and

I(t) = I3t (12)

On the other hand, by integrating Eq. (1): o'(t)=I(t)/A, and by assuming that the
capacitor is initially uncharged [¢(0)=0], we get:

I 2
== 13)
O =—
2A
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Finally, by Egs. (5), (11), (12) and (13) the e/m field in the interior of the
capacitor is

~ (1t I, p°
E-|_1 +_ﬁ% 10 dQ,,
2&5A 4A
It
Hola ,00
2A 4

(14)

B

where we have set C=0 since, in view of the assumed initial conditions, there is no
electric field inside the capacitor if 1;=0. In order for the solution (14) to be valid, the
current I(t) charging the capacitor must vary linearly with time, according to (12).

3. Solutions of Maxwell’s equations outside the capacitor

We recall that the positive and the negative plate of the capacitor of Fig. 1 are
centered at z=0 and z=d, respectively, on the z-axis, where the plate separation d is
much smaller than the radius a of the plates. The space exterior to the capacitor
consists of points with p >0 and z¢(0,d ), as well as points with p>a and 0<z<d.
(In the former case we exclude points on the z-axis, with p=0, to ensure the finiteness
of our solutions in that region.) We assume that the current I(t) is of “infinite” extent
and hence the magnitude of the e/m field is practically z-independent.

The e/m field outside the capacitor is usually described mathematically by the
equations [4,5,8]

E=0, B:”s'(t) a, (15)
7P

As the case is with the standard solutions in the interior of the capacitor, the solutions
(15) fail to satisfy the Faraday-Henry law (4c) (although they do satisfy the remaining

three Maxwell equations), since VxE =0 while

B ul'(t) .
—=—1, .
ot 2mp *

As before, an exception occurs if the current | is constant in time, i.e., if the capacitor
is being charged at a constant rate, so that /'(t)=0.

To find more general solutions that satisfy the entire set of the Maxwell equations,
we work as in the previous section. Taking into account Lemma 2 in Appendix II, we
assume the following general form of the e/m field everywhere outside the capacitor:

E=f(ot)4,,
5 ( o (1) Ao, t)j 0, (16)
27p

http://nausivios.hna.gr/

C-52



PART C: Natural Sciences and Mathematics

where f and g are functions to be determined consistently with the given current
function I(t). The solutions (16) automatically satisfy the first two Maxwell equations
(4a) and (4b). By Eqgs. (4c) and (4d) we get the following system of PDEs:

of _ag | wl'(t)

op ot 2z

a(p9) _ d(pf)
—8,0 = &olgp ot

17

Again, the usual solution with f (p,t)=0 and g(p,t)=0 is possible only if 7°(t)=0, i.e., if
the capacitor is being charged at a constant rate. Note also that, since now p=0, the
boundary condition (7) for g no longer applies.

As we did in the previous section, we seek a series solution of the system (17) in
powers of t. We thus expand f, g and | as in Egs. (9), substitute the expansions into the
system (17), and compare terms with equal powers of t. The result is a new recursive
system of PDEs:

fn, (p)=(n +l){gn+1(p) +2ﬂ_0 In+1}
w (18)

(98, (0)] = (N+1) &0t Frua(0)

for n=0,1,2,... Again, an obvious solution is the trivial solution f,(p)=0 and gn(p)=0 for
all n=0,1,2,..., corresponding to f(p,t)=0 and g(p,t)=0. This requires that I,.,=0 for all
n=0,1,2,..., so that I(t)=lp=constant (independent of t).

As in Sec. 2, we seek time-independent solutions for f and g, so that f=f(p) and
g=0go(p) while f(p)=0 and gn(p)=0 for n>0. The system (18) for n=0 gives

’ I 4
fo (0) = pos and [pgy(p)] =0

with solutions

ol A
fo(p)==—In(kp) and go(p)==—
2r 27p

respectively (remember that p>0), where x is a positive constant quantity having
dimensions of inverse length, and where a factor of 2z has been put in go(p) for future
convenience. Given that f(p,t)=fo(p) and g(p,t)=go(p), the solution of the system (17)
is

|
f(p.) =22 i) . (o) =£ (19)

By the first of Egs. (18) it follows that 1,=0 for n>1. Therefore I(t) is linear in t, of
the form I(t)=lo+11t. By assuming the initial condition 1(0)=0, we have that 1,=0 and
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1(t) = I t (20)

In view of the above results, the e/m field (16) in the exterior of the capacitor is

(21)

For this solution to be valid, the current I(t) must vary linearly with time.

By comparing Egs. (14) and (21) we observe that the value of the electric field
inside the capacitor does not match the value of this field outside for p=a, where a is
the radius of the capacitor. This discontinuity of the electric field at the boundary of
the space occupied by the capacitor is a typical characteristic of capacitor problems, in
general. On the other hand, in order that the magnetic field in the strip 0 <z <d be

continuous for p=a, the expression for B in (21) must match the corresponding
expression in (14) upon substituting p=a and by taking into account that 4=ra”. This
requires that we set A=0 in (21), so that this equation finally becomes

Lol
E- % In(p) 4, |

" (22)
L Uplit
B:

2np  *

4. Discussion

As we have seen, expressions for the e/m field inside and outside a charging capacitor
may be sought in the general form given by Egs. (5) and (16), respectively. These
expressions contain two unknown functions f(p,t) and g(p,t) which, in view of
Maxwell’s equations, satisfy the systems of PDEs (8) and (17). These PDEs, in turn,
admit series solutions in powers of t, of the form (9), where it is assumed that the
current I(t) itself may be expanded in this fashion.

The coefficients of expansion of f and g may be determined, in principle, by
means of the recursion relations (10) and (18), both of which are of the general form

f () = (N+D[gp.a(p) +h(P)1,.4]

, (23)
[Pgn (,0)] =(n+1) eoto 0 1 11(0)
This is not an easy system to integrate, so we are compelled to make certain ad hoc
assumptions. Suppose, e.g., that we seek a solution such that f,(»)=0 and g,(p)=0 for
n>k (k>0). It then follows from the first of Egs. (23) that I,.1=0 for n>k or,
equivalently, 1,=0 for n>k+1. Thus, if k=0, I(t) must be linear in t; if k=1, I(t) must be
quadratic in t; etc.
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For a current varying sufficiently slowly with time, we may approximately assume
that 1,=0 for n>0, so that I(t)=Ip,=const. This allows for the possibility that f and g
vanish identically, as is effectively assumed (though not always stated explicitly) in
the literature. On the other hand, any smoothly varying I(t) may be assumed to vary
linearly with time for a very short time period. Then, a solution of the form (14) and
(22) is admissible.

There are several aspects of the solutions described by Egs. (14) and (22) that may
look unphysical: (a) the electric field in (22) apparently diverges for p—; (b) the
magnetic field in both (14) and (22) diverges for t—o0; (c) although, by assumption,
there are no charges at the interface between the interior and the exterior of the
capacitor (i.e., on the cylindrical surface defined by 0<z <d and p=a) the electric field
IS non-continuous on that surface, contrary to the general boundary conditions
required by Maxwell’s equations; (d) the constant « in (22) appears to be arbitrary.
We may thus use the above solutions only as approximate ones for values of p not
much larger than the radius a of the plates, as well as for short time intervals. (Note
that p has to be much smaller than the length of the wire that charges the capacitor if
this wire is to be considered of “infinite” length, hence if the external e/m field is to
be regarded as z-independent.) We may smoothen the discontinuity problem of the
electric field for p=a by assuming that this field is continuous at t=0, i.e., at the
moment when the charging of the capacitor begins. By setting p=a in (14) and (22)
and by equating the corresponding expressions for E we may then determine the
value of the constant « in (22). The result is: x=e'?/a.

For an enlightening discussion of the subtleties concerning the e/m field produced
by an infinitely long straight current, the reader is referred to Example 7.9 of [3].

Appendix I. Vector operators in cylindrical coordinates

Let A be a vector field, expressed in cylindrical coordinates (p, ¢, z) as

A=A (p.0.2)0,+A,(p.0,2)0,+A (.0 2)0, .

The div and the rot of this field in this system of coordinates are written, respectively,
as follows:

AL oy, LA A
p op p Op 0Oz
- o oA oA
Gxi( LA AN (A A 12 . )
pop oz )" ez op)? plop” 7 Op
ISSN:1791-4469 Copyright © 2022, Hellenic Naval Academy

C-55



NAUSIVIOS CHORA, VOL. 8, 2022

In particular, if the vector field is of the form
A=A, (p)d,+A,(p)d, ,

then V.-A=0.

Appendix Il. General form of the electric field

To justify the general expression for the electric field implied in the Ansatz (5) used to
find solutions of Maxwell’s equations inside the capacitor, we need to prove the
following:

Lemma 1. If the magnetic field inside the capacitor is azimuthal, of the form
B=B(p.)d, (A.1)

then the electric field (also assumed dependent on p and t) is of the form

E=E(p1)q, (A.2)
Proof. Let
E=E,(p.t)0,+E,(p,t)0,+E,(p,1)0, (A.3)

Then (cf. Appendix I) from Gauss’ law (4a) it follows that
0 a(t)
= (E,) = (A

In order for the electric field to be finite at the center of the capacitor (i.e., for p=0)
we must set a(t)=0, so that E,(p,t)=0. On the other hand, the z-component of
Faraday’s law (4c) yields

AWM
yo,

0
%(pEw):O = E, = (A.5)

Again, finiteness of the electric field for p=0 dictates that S(t)=0, so that E,(p,t)=0.
Eventually, only the z-component of the electric field is non-vanishing, in accordance
with (A.2).

The solutions outside the capacitor are subject to the restriction p>0. The
expression for the electric field implied in the Ansatz (16) is based on the following
observation:

http://nausivios.hna.gr/

C-56



PART C: Natural Sciences and Mathematics

Lemma 2. If the magnetic field outside the capacitor is azimuthal, of the form
(A.1), then the electric field (also assumed dependent on p and t) is again of the form
(A.2).

Proof. Let the electric field be of the form (A.3). Then from Gauss’ law (4a) and
from the z-component of Faraday’s law (4c) we get (A.4) and (A.5), respectively. On
the other hand, from the p- and ¢-components of the fourth Maxwell equation (4d) we
find that 0E,/0t=0 and OE,/0t=0, which means that « and $ are actually constants.
Thus the general form of the electric field outside the capacitor should be

i B

— a A A
E :;up +;u¢,+ f(p,1)4, .

Obviously, the function f (p,t) is related to the time-change of the magnetic field and is
expected to vanish if the current | that charges the capacitor is constant. If the electric
field itself is to vanish when I=constant, both constants o and g must be zero.
Eventually, the electric field outside the capacitor must be of the general form (A.2).
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Alex Bacopoulos® and Dimitra Kouloumpou®
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Abstract. The problem we consider is to find (the) best approximation(s) to a
given function simultaneously with respect to more than one criterion of
proximity. Questions of existence, characterization, unicity and computation are
examined. Examples are given.

Keywords: Best vectorial approximation(s), minimal projection norms,
computational schemata

1. INTRODUCTION

Among other formulations of simultaneous approximation, the notion of a
"Vectorially Minimal Approximation” is introduced, which is shown to be the
natural setting for problems of simultaneity, both theoretically as well as
computationally. For the above formulations of Multicriteria Optimization we propose
3 types of "models” and show their interrelationships in each "primal™ and "dual”
spaces. In particular, attention has been given to effective models suitable for
numerical computation. A related problem situated in the "dual space” of
approximation operators is to approximate the (non-linear) best approximation
operator by projection operators. This approach, as a tool of “good” approximation
of functions (in situations to be specified), is motivated by the following inequality,
where the role of minimal projections, i.e. min||P|| is self-explanatory.

If = PfIl < Il = Plldist(f,Y) < (1 + [[P|Ddist(f,Y).

Here again the approximation in the operator space is done simultaneously with
respect to several norms. As just indicated, this reduces to finding “simultaneously”
minimal projection norms. Examples are given and a “Zero in the Convex Hull” as
well as a “Kolmogorov-type” characterization theorems are presented.
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The tools used in this presentation are Elementary Optimization Theory,
Computational Numerical Analysis and Elementary Functional Analysis.

2. VECTORIAL APPROXIMATION

Let |||l Il be two norms defined on a linear space S and let f € S ~ K be a given
function to be approximated by approximation p € K < S. K is assumed to be a
closed, convex, proper subset of S. Let G(p) = (|[f—pllg. Il f—Pllp) and
define the partial ordering = on G(K) by

If —plle = 1If —qlla
Gp)2G(q) & and

If =pls < lIf —allp

We shall write G(p) < G(q) ifand only if G(p) 2 G(q) and G(p) # G(q).

Definition 2.1
We say that p is a best vec approximation if there does not exista g € K such that

G(q) < G(p).

Definition 2.2
The minimal set M is given by
M ={G(p):p € K is a best vec approximation }.

There are some general geometric facts that are easy to verify. We cite some of them
here:

o m,(G(K)) has zero homotopy group.
e M is aconvex, decreasing arc.

Let A is the 45° bisector of the ||-||4 |||l orthogonal axes. L is the supporting line to
G (K) which makes 135° angle with ||-||, axes.

The proof of the following theorem is a consequence of the definitions, convexity and, in
the case of (B,,) = M U L, the continuity of the best approximation operator. Sum here
denotes the sum of two norms. Max means the maximum of two norms.

Theorem 2.1
Let p, be a best sum approximation. Then G(P,) € M U L. Similarly, if p,, denotes the
best max approximation then G(P,,) = M U L (assuming M U L # Q).

Furthermore, we define the set D by

D= {d: ,}2,§”f —qll, £d < (ilrelgllf - qlla}
where,

B = {r EK:|f —rll, = inf||f — qllb}-
qEK
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Theorem 2.2
An element p € K is a best vectorial approximation if and only if there exists d € D and
® € S* satisfying
l®ll, =1
o(f=b)=|lf —qll. <d

Re®(p — q) < 0 forall g € K satisfying ||f — qll, < d.

and

3. VECTORIALY MINIMAL PROJECTIONS

Let A = A(X, V) be the space of all linear operators from a real or complex space X
into a finite-dimensional subspace V, and let IT be the family of all operators in A with
a given fixed action on V (e.g., the identity action corresponds to the family of
projections onto V). Let X be equipped with norms ||-||;,i = 1,2, ..., k . Let X; denote
the normed space given by X with the norm ||-||; , and define

lcll: = Cllxlly, N2, - ).
Define the partial ordering " < " on X by

llxll 2 llzIl < lIxll; < llzll; for every i =1,2,...,k.
We write ||x|| < ||z|| if and only if ||x]|| 2 ||z|| and ||x]|| # ||z]|.

Definition 3.1

For Q € A, let ||Q||; denote the operator norm on X;, let

Q]]:= (||Q||1,, el ..., ||Q||k) and define the partial ordering " < "on A by
IPIl 2 lIQll  [IPIl; = llQll; for everyi=12,.. k.

We write [[P|| < [|Q|l if and only if [|P|| 2 ||Q]| and [[P|| # [|Q]]-

P is a vectorially minimal operator in IT if there no exist Q € IT such that [|Q]| <

IP]l.

Notation
The minimal set M is given by
M = {||P||: P € Il is a vectorially minimal operator in II}.

Definition 3.2

Fori=12,..,k (x,y) € S(X;"") x S(X;") will be called an extremal pair for Q € 4,
if (Q/"x,y)=11Qll;, where Q;: X;"" — V is the second adjoint extension of Q to
X

(S denotes the unit sphere).

Notation

Let E(Q) be the set of all extremal pairs for Q. To each (x,y) € Q associate the rank-
one operator y®x from X; to X;™" given by (y®x)(z) = (z,y)x for € X; , where i is
the subscript associated with (x, y).

Theorem 3.1 (Characterization)

P has vectorially minimal norm in I7 if and only if the closed convex hull of
{y®x}(xy)er(p) CONtains an operator Ep for which V' is an invariant subspace, i.e.
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Ep = f y®xdu(x,y) : V — V.
E(P)

Theorem 3.2
P has vectorially minimal norm in I1 if and only if there does not exist
D eA={De€A:D =0inV}such that

sup Re(P/"x,y)D**x,y) < 0.
(x,y)EE(P)

4. SOME SPECIAL CASES

We give some examples of Theorem 2.2. In the notation of this theorem, let

S =Cla, b],

K = II,[a, b] (the set of polynomials on [a, b] of degree less than or equal ton ) , |||
is the supremum norm on [a, b] and w;, w, € C[a, b] two (weight) functions, positive
and continuous on [a, b].

We introduce extreme points, for a given f € C|a, b] to be approximated, in
connection with the next theorem, as follows:

X, ={xelabl:w,()(f(x) —p@) = +lIwi(f - p)lI}
X, ={x€labl:w,(x)(f(x) — p(x)) = +llw2(f - p)II}
X_ ={xelabl:wmi)(f(x) —p®) = —lw:(f - p)II}
X _, ={x€labl:w,()(f(x) - p(x)) = —lw.(f = II}.

X,=X,UZX,UX UX,

The sign function o(x) on Xp is defined by

o(x) = —1whenx € X-1UX—2

and
o(x) =+1whenxeX UX ..

Theorem 4.1 (Application)
Consider the Vectorial Chebyshev optimization, with w; and w, as defined above.
Then p is a best vec approximation to f if and only if there exist n + 2 points

Xp < Xy < o0 < Xpyy € Xp c [a, b] satisfying

o(x;) = (=D to(x,) foreveryi=12,..,n+2.

Theorem 4.2
Each best vec approximation is unique; i.e. given u € M there is only one p €
I1,,[a, b] such that

G(p) = p.
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Note that this uniqueness does not contradict the fact that the minimal set M has, in
general, an infinite number of points, each of which corresponds to a (unique) best
vectorial approximation. Likewise, the easily shown existence of M proves the
existence of best solutions.

Theorem 4.3 (Application)
Let X = Cla,b],K = II,[a,b],|| - llo, || - Il the sup and L, norms on C|a, b] which
we denote by || - || and || - ||, respectively.
Find the best vectorial approximation p,; whose error in Chebyshev norm equals a
prescribed value d € P*, || f —p1 llo < d < || f — P2 ll. Itis clear that the desired
polynomial p, is the unique solution to the problem

ggw—pm
subject to

I f—plle < d.

Since the number of constraints here is infinite, we proceed by solving a sequence of
quadratic programming problems, each with a finite number of constraints. The
sequence of solutions {p,} is shown to converge to the theoretical solution p,.

Algorithm Corresponding to Theorem 4.3
At the k — th step we have from the preceding steps a finite set of points X* c
[a, b]. We solve the quadratic program

min —
min|lf = pll,

subject to

I f(x) =Pl < d, x € X
Denoting by py the solution of this problem, we calculate a point x;, € [a, b] such that

If () = o) = | f = Pie M o

We form X**1 = X* n {x,} and proceed to the next cycle. At the beginning X* may
be an arbitrary finite set, containing a maximum of |f(x) — p,(x)|.
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