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XaipeTiopog Aloiknt ZX0ARS NauTiKwyv AoKipwyv

KaAwaoopiloupe 10 4° TeUx0¢ TNG «NauaiBiou Xwpac» TTou avadelkvUel To £pyo TTou
emreAeital otn ZNA 6oov a@opd TiIG NauTikEG ETTIOTrAUEG.

2AMEPQ, OE MIO ETTOXI OIKOVOMIKWY KOl KOIVWVIKWY TTPORANUATWY n €kdoon Tng
«NauaoiBiou Xwpag» onuatodoTei TNV TpooTrddeia Twv Kadnyntwy g ZNA kal GAAwv
EKTTAIOEUTIKWY 10pUMATWY va dNPIOUPYROOUV UE TO £pYO TOUG BETIKEG TTPOCDOKIES Kal
EUTTAOUTIONO YVWOEWV TOOO OTOUG POITOUVTEG OTA AvVWTATA 2TPATIWTIKA EKTTAIdEUTIKG
IdpupaTa 600 Kal o€ OAeG TIG MNAVETTIOTNUIAKESG ZXOAEC TTOU QOXOAOUVTAl PE TOV KAGDO
Twv NauTikwv EmoTtnuwy. X10X0G TOUG €ival va EVNUEPWOOUV Kal va TTPOBAAAOUV VEEG
MEBOBOUG Kal €CENIYUEVES TEXVIKEG PBACIOUEVEG OE TTPOCWTTIKEG EPEUVES KAl AVOAUOEIG,
ME aTTOTEAEOPA TNV KOAUTEPN EKTTAIOEUOT) KAl ETTIHOPPWOTN TWV VEWV ETTIOTNHNOVWV.

Q¢ €k TOUTOU, XaIPETICW TNV TETAPTN €kdoon TnG «NauoiBiou Xwpag» PE TNV €UXN
va atroTeAéael éva VEO KivnTpo yia TAv €¢EAIEN Kal TNV TTpdodo TG NauTikng EmoTAuNG
1600 0TV EAAGSQ 600 Kal OTO £EWTEPIKO.

Ymrovauapyog I. Maiotpog N, Aioikntng 2NA

Welcome Address by the Commandant of
the Hellenic Naval Academy

We welcome the 4™ edition of the “Nausivios Chora” which illustrates the work of
the Hellenic Naval Academy concerning the Naval Sciences.

Nowadays, at a time of economic and social problems, the edition of the “Nausivios
Chora” underlines the effort of the staff of the Hellenic Navy Academy and other
Institutes to create with their work positive expectations and knowledge enrichment both
to the students of the Higher Military Educational Institutions and to other Universities
that are engaged with Naval Sciences. They are targeting to inform and display new
methods and sophisticated techniques based on personal research and analysis, in
order to educate and train the new scientists.

Therefore, | wellcome the fourth edition of the “Nausivios Chora” with the wish for it
to be a motive for the development and progress of the Naval Science not only in
Greece but also abroad.

Rear-Admiral I. Maistros HN, Commandant of the Hellenic Naval Academy
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Editor’s Note

"Nausivios Chora" is a scientific journal published since 2006 by the Hellenic Naval
Academy, the Institution that provides academic and professional training to the future
officers of the Hellenic Navy. The faculty members of the Hellenic Naval Academy are
devoted to the promotion of research and education on a broad range of scientific
disciplines.

"Nausivios Chora" is a biannual, peer-reviewed, open access journal that publishes
original articles in areas of scientific research and applications directly or indirectly
related to the naval sciences and technology. The scope of the Journal is to provide a
basis for the communication and dissemination of scientific results obtained in Hellenic
or International academic and research institutions that may present a relevance to the
sea element.

"Nausivios Chora" hosts articles belonging to various scientific disciplines and is divided
in five parts, namely Mechanical and Marine Engineering, Electrical Engineering and
Computer Science, Natural Sciences and Mathematics, Humanities and Political
Sciences and Naval Operations. The present 2012 Edition Issue contains 24 articles.

The International Advisory Committee members and the Body of Reviewers, all
acknowledged experts in their field of interests, cover a wide range of scientific
disciplines ensuring the integrity of the peer-review process and the academic
excellence of the published articles in a way that best represents the aims and scope of
the Journal.

Prof Dr Elias Ar Yfantis
Editor in chief
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Mé£Bodo1 MetaoxnuaTiopoU Tou EAAsipog1doug
&K MepioTpo@ng oe Z@aipikn Emipaveia
ABavaaoiog NaAAnkapng

2x0An Nautikwv Aokiuwyv, Epyaatripio Naurtidiag kai O@aAdaciwv EmoTtnuwy, New@opog
Xarlnkupiakou, Xarlnkupidakelo, lNeipaidg, TK 18539, palikaris@snd.edu.gr

MepiAnwn. Z1nv TTapoloa PeAETN TTapouciddovTal kal agloAoyouvTtal péBodol JeTaoxnua-
TIOMOU TOU eAAEIYOEIBOUG €K TTEPIOTPOYPNG O OQAIPIKA €TTiQaveia. [NapouaidlovTail
OUVOPTAOEIG YIa TOV €UBU PETAOXNUATIONO «EAAEIYOEIDEG OE O@Aipa» Kal yid Tov
QvTIOTPOPO METAOXNMATIONO «O@Aipa Ot €ANEIYPOEIDECH YIA TIG ETTOUEVEG TEOOEPIG
TTEPITITWOEIG: PETAOXNUATIOPNOG O «OPAipa CUPHOPQPIAC» XWPIG YWVIAKEG TTAPAUOPP-
O€IG, 0¢ «I00dUVaUN OPaipa» XWPIG ETTIPAVEIAKEG TTAPAUOPPWOEIS, OE «ICATTEXOUCA OTN
OleuBuvan Twv hJECNUBPIVWY G@aipa» Kal € «IoaTTéxouaa oTn OlEUBuvon evog TTAPaAAn-
Aou TAdTOoUG o@aipa». H afioAdynon Twv peBOdwv peTaoynuatiopol BacioTnke oTov
UTTOAOYIOUO KAl OTnV avAAucn TNG KATAVOPNAG TWV YPOUUIKWY, ETTIQAVEIOKWY KAl
YWVIOKWY  TTOPAPOpQWOoEwyY. Ta ammoTeAéopara  Tng  a&loAdéynong MITopouv  va
aglotroinBouv oTnv €AoYy TNG KOTAAANAGTEPNG MPEBOSOU yia TNV XOAPTOYPAQIKA
ameikévion OAOKANPNG, A TUAMOTOG TNG €mMQAvEIAG TNG YNG OUMQWVA WE TIG KATA
TEPITITWON €mMOUUNTEG 1810TATEG, OTTWG PNOEVIOUOG TWV YWVIAKWY ] TV ETTIPAVEIOKWYV
TTOPAUOPPUWOEWY, avAaAoyd HPE TOV OKOTTO yid TOV OTTOI0 TTPOOPIETAl N XOPTOYPAPIKN
ATTEIKOVION.

AéGei1g-KAe1d14: xapToypaPIKEG TTPOBOAEG, TTAPANOPPWOEIS, DITTAA ATTEIKOVION
eAeIpoEeIdoUg

Methods of Transforming the Ellipsoid of Revolution
onto the Surface of a Sphere

Athanasios Pallikaris

Hellenic Naval Academy, Sea Sciences and Navigation Laboratory, Terma Hatzikyriakou Ave,
Pireas Greece, TK 18539, palikaris@snd.edu.gr

Abstract. Methods of transformation of the surface of the ellipsoid of revolution onto the
surface of a sphere are presented and evaluated. The methods can be used for the
double projection of the ellipsoid onto a plane (ellipsoid to sphere, then sphere to plane)
by the employment of map projections for which map transformation functions exist only
for the sphere. Direct and inverse map transformation functions are presented and
evaluated for four cases: transformation onto a “conformal sphere” without angle
distortion, onto an “equivalent sphere” without area distortion, onto an “equidistant along
the meridians sphere” and onto an “equidistant along a certain parallel sphere”. The
assessment of the transformations has been conducted by numerical tests based on the
calculation and analysis of the linear, angular and area distortions for each transformation.

Keywords: map projections, map distortion, double projection, ellipsoid
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EIZANQrH - ME©OOAOI AMNEIKONIZHZ THZ EMI®PANEIAZ
TOY EAAEIYOEIAOYZ EK MNMEPIZTPO®HZ ZE EMINEAO

H ameikdvion Tng emi@aveiag Tou EAAeipoeidolc ek MNepioTpons (EEM) oe etmimedo Tpayua-
TOTToIEiTAl OUVABWG ME xprion Twv cuvaptioewv f; kai f; Twv (1) kai (2), PE TIG OTTOiEg
TTPOYHATOTTOIEITAI O PETATYXNMUATIOHNOG TWV EAAEITITIKWV YEWDAITIKWY CUVTETAYHEVWY (@i, A) Twv
onueiwv TG em@dveiag Tou EEM oOTIC KaPTEDIOVEG CUVTETAYUEVES (X, Y;) Tou €mmITTESOU
atreikéviong (Zx. 1). O yetaoxnuatiopog autog [(9,,A;) = (X,,y;)] atmmoTeAei To euBU TTPORANUA
TNG AVvaAUTIKAG XOPTOypa®iag, TO OTToio atroTeAEl BACIKO epyaleio TNG ETMIOTNUOVIKAG £PEUVAG
1600 yIa TNV avdAuon Kal agioAdynon TwV yVWOTWV XAPTOYPAPIKWY ATTEIKOVIoEWY OC0 yia TN
onuioupyia VvEwV XAPTOYPOQIKWY ATTEIKOVIoEWY (XapToypa@ikwy TTpoBoAwv) oAdkAnpns, A
MEPOUG TNG ETTIPAVEIAG TNG YNG.

X; = fi (0;,4)) (1)
Yi =/ (@;,%) (2)

O avTioTPOoQYOG PETAOXNMATIONOS TWV CUVTETAYMEVWY (X, Vi), TWV CNUEIWY Tou €TITTESOU ATTEI-
KOVIONG OTIG EAAEITITIKEG YEWDAITIKEG CUVTETAYUEVES (@i, A)) TWV QVTIOTOIXWYV ONUEIWV TNG £TIPA-
veiag tou EEMNM [(x;,y;) > (9,,X;,)] amoteAei 1O avTioTpo@o TIPOBANUA TG AVOAUTIKAG
XOPTOYPOQPIag, OTO OTT0I0 XPNOIKOTTOIOUVTAl Ol CUVAPTHOEIS TOU QVTIOTPOPOU PETAOXNUATIONOU
g+ Kai g> Twv (3) kai (4).

¢, =4, (xiayi) ©)
}\’i:gz(xi’yi) 4)
[((Pi’)\’i)(_\)(XDYi)]

f
———

v

ZxAua 1. MetaoxnuaTioyog Tng m@aveiag Tou EEN og emitredo

2€ OPIOUEVEG XAPTOYPAPIKEG ATTEIKOVIOEIS ouvnBileTal va XpnoIUOoTToloUvVTal Ol aTTAOUCTEPES
OUVOPTACEIC XOPTOYPOAQIKOU HETAOXNMATIOMOU TnG o@aipag. H atrAotroinon auth €xel
XPNOIYOTTOINBEl  €KTEVWG 0O TTAPAdOOCIAKOUG €EVTIUTIOUG YEWYPOQPIKOUG ATAAVTEG yia TNV
ATTEIKOVION YEWYPOPIKWYV TTEPIOXWYV TTOAU PEYAANG €KTAONG, Ol OTTOIEG KAAUTTTOUV £va NUICQAipIO
N Kal OAOKANPN TNV UdPOYEIO O€ TTOAU MIKPEG KAIMOKEG, yia TIG OTToieg Oev TTapaATNPOUVTAI
agldAoyeg dIaPOPES PE TIG avTioToixeg atreikovioelig Tou EET. MNa 1I¢ oUyxpoveg eQapuoyES o€
mepIBAAov Zuothpatog Mewypagikwy MNMAnpogopiwyv (GIS), 0TI otToieg AOyw NG duvaTodTNTAG
OuUVaNIKAS aAAaynS TNG KAIMaKag aTrelkéviong atraiteital HeyaAlTepn akpifela atmeikéviong, o
MeTaoxnuaTiopudg g emedvelag tou EEM oe emimedo eival duvatd va uhotroindei pe tnv
eKTEAEON €VOG vOIAPECOU PETOOXNMATIOPOU TNG €mipaveiag Tou EEN oe pia BondnTikr c@aipa
KAl GTN CUVEXEIQ PE TNV ATTEIKOVION TNG o@aipag o€ emmiredo (ZX. 2) [MaAAnkdpng 2010].
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ZxAMa 2. MetaoxnuaTioudg Tng em@aveiag tou EENM og emitredo
ME evllauean atreikévion o€ BondnTikA ogaipa

Katd Tov evlIGueco peTaoxnuaTiopo tng migaveiag tou EEN oe oeaipa kar avdAoya e TIG
ATTAITAOEIG TNG £€ETAlOUEVNG EQAPHOYAG, gival duvaTd va ¢ac@alioTei n dlatApnon k&molag Ba-
OIKAG 1010TNTAG, OTTWG: MNOEVIOUOG TWV YWVIOKWY TTAPANOPPWOEWY, MNNOEVIOUOS TwV
ETTIPAVEIAKWY (EUPRASIKWV) TTAPAPOPPUOEWY, UNOEVICHOG TWV YPAUMIKWY TTAPAHOPPWOEWY OF
Mia kaBopiopévn SielBuvon. Me Tov TpoOTTO aQUTO €ival duvatd va TTPOKUWOUV dIAPOPES
eVOIANEDEG OPAIPES UE DIAPOPETIKA XAPAKTNPIOTIKA EKAOTH, OTTWG:

= 2@aipa CUPPopPYiag, n otroia TTPOKUTITEl ATTO TO PETACYXNMUATIONOG TNG ETTIQPAVEIQG TOU
eANEIYOEIBOUG XWPIG YWVIAKES TTAPAUOPPWOEIG.

= |oodUvaun o@aipa, n oTToia TTPOKUTITElI ATTO TO PETACXNUATIONOG TNG ETIQAVEIAS TOU
eAEIYPOEIBOUC XwpPic £m@AVEIKEG (EMPABIKES) TTAPANOPPUWOEIS, ONAAdH To €URAdOV
NG e€m@Avelag atreikoviong (1Icoduvaung o@aipag) civalr ‘ico pye 10 €ufaddv NG
EMQPAVEIAG avapopds (eANEIYOEIBOUG)

= |oatréxouca oTn dielBuvon Twv PECHUPBPIVIOY 0@aipa, N OTToia TTPOKUTITEI ATTO TO
METAOXNMOTIOPAG TNG ETTIQAVEING TOU EAAEIPOEIBOUG XWPIG YPAPUIKESG TTAPAUOPPWOEIG
oTn O1evBuvaon Twv PHecnUBPIVWYV

= |oaméxouoa oTn dieubuvan Twv TTaPaAARAWY c@aipa, n oTroia TTPOKUTITEI ATTO TO
METAOYXNMOTIONOG TNG ETTIPAVEIAG TOU EAAEIPOEIDOUG XWPIC YPANMIKES TTAPAUOPPWOTEIG
oTn d1evBuvaon Twv TTapaAAfAwv

211G TTpoavagepBeioeg PeBOdOUG PeTaoxNPaATIoHOU TNG eTTIYAvelag Tou EENM oe ogaipa, n avTi-
oToIxia Twv €AAEITITIKWY YEWDAITIKWY CUVTETAYMEVWY (P, A) evOg onueiou TNG €mM@AvEIAS TOU
EET kai Twv o@aipikwyv cuvteTaypévwy (¢, A) Tou anuegiou autol oTn o@aipa, divetal atrd TIg
(4) kai (5). O avTioTPOYOG PETATYXNUATIOHOG TWV YEWYPOAPIKWY CUVTETAYUEVWVY (@7, A7) evog
onueiou TG emM@Aveiag Tng BondNTIKAG 0QAipAG OTIG AVTIOTOIXEG YEWDAITIKEG CUVTETAYUEVEG (O,
A) otnv emigdveia Tou EEN mpayuarotroicitan pe T1ig (5) kai (6).

o' =¢—A,sin2¢ — A sindp — A sin6¢ — A,sin8¢ (4)
A=A (5)
¢ = '+ B,sin2¢’ + B,sin4¢’ + Bsin6¢’ + B,sin8¢’ (6)

OTTOU:
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@, A: €ival TO YEWDAITIKO TTAGTOG KAl TO YEWDAITIKO PNKOG VOGS ONUEIOU OTNV ETTIPAVEIQ TOU
EEN

@, \": gival T0 (OQAIPIKO) YEWYPAPIKO TTAATOG Kal TO (OQAIPIKO) yewypa@ikd PAKOG evog
Onueiou aTnV EMQAVEID TNG OPAipAG

O1 miyég Twv ouvreAeoTwv Az, As, As, As, Bo, By, Bs kai Bg eCaptwvtal amd Tnv

Xpnoigotrolouyevn  BonbnTik  o@aipa (o@aipa cuppopiag, 10odUvaun  oeaipa,

I0QTTEXOUCA aPaipa).

NMAPAMOP®QZEIZ METAZXHMATIZMOY EMI®ANEIQN

Baoikég évvoieg Kal opiopoi

ZUuQwva Pe TIG BACIKES apXEC TNG Bewpiag Twv TTAPAPOPPWOEWY TWV ETTIPAVEIWY TNS dlAPO-
PIKAC VEWMETPIOG, OTTWG OUTEC €QAPUOOVTA OTNV QVOAUTIK xopToypagia', Katd Tov
MeTaOXNUATIONS MIag emQAveIag ava@opdg (1.X., Tou EEN) oe pia emedveia ameikdviong
OnuIouUpyoUVTal YPAUMIKEG, ETTIQAVEIAKES KAl YWVIOKESG TTAPAPOPPWOEIS. [Na TRV agloAdynon Twv
TTOPAMOPPWOEWY QUTWY XPNOIUOTTOIOUVTAl KOATAPXNV Ol €ETTOUEVEG TTAPAMETPOI, Ol OTIOIEG
TTapouciadovTal o€ GAa Ta KAAOGIKG CUYYPAUHATA TNG AVAAUTIKAG XaPTOYPaPiac?.

H TomKA KAipaka ypappikAg rapaudpewong Y (local linear scale), A ammAd ypauuikg 1Ta-
PauOPPWON KATA PAKOG MIOG dleUBuvong Oc éva onueio TNG €MQAvEIag aTTEIKOVIONG €ival To
KAGOHA TOU PHAKOUG HIOG OTOIXEDOOUG YPAPUAG ds OTo €TTiTTEdO ATTEIKOVIONG TTPOG TO UKoG ds'
TNG AVTIOTOIXNG OTOIXEIWOOUG YPAUUAS oTnv emi@advela avagopds (EEM n oeaipa). MNa tnv
TTOOOTIKA METPNON TNG YPOUUIKAG TTOPANOPPWONG OUVABWS XPNOIUOTTOIEITAl O OUVTEAEOTAG
YPOUMIKAG KAipakag. O ouvTeAeoThAS YPAMMIKAGS KAiJakag (linear scale factor) katd prikog piag
O1evBuvong oe €va onueio TNG €MEAVEIAG ATTEIKOVIONG €ival TO KAAOUA TNG TOTTIKAG KAIJAKag
YPOUUIKAG TTapaudép@wong TTPpog TNV Kupla KAipaka. H kopla kKAipaka H, (principal scale),
YVWOTA Kal WG CUVTEAEOTAG aTTelkOviong (representation factor) gival n kKAipaka Tou ouIKpupévou
YEWWETPIKOU povTédou NG yng (EEM | ogaipag) kal opietal wg 10 KAGOUA Twv AvTIOTOIXWV
OKTIVWV TOU IGNKEPIVOU (VIO TO OUIKPUMEVO KAl YIA TO aPXIKO JOVTEAO).

lNa TRV atroTeEAEOUATIKOTEPN AVAAUCT TWV TTAPAUOPPUWOEWY, O CUVTEAECTNG YPAUUIKAG KAipa-
Kag TTpoadiopifeTal Bewpwvtag OTI N TIMA TNG KUpIag KAipakag civar ion pe éva. Me Tov TpoTTO
QuTé N TIMA TOU OUVTEAEOTA YPAUMIKAG KAIHaKag gival ion e TNV TOTTIKA KAIMAKA YPOUMIKAG TTa-
pauépowong. O ouvreAsoTAS ypauuikng kAipakag¢ orn dSisubuvon Tou peonufpivou
oupBoAileTal e h Kol 0 CUVTEAEOTAC ypauuIKNG KAipakag orn disuBuvan tou mapaiinAou
MEe K. TTOANEG @Opég oI CUuVTEAEOTEG AUTOl XPNOIKOTTOIOUVTAl HPE TN HOP®H TOU CQAAUATOG
YPOUUIKAG KAipakag, To oTroio uttoAoyicetal atréd Tig diagopés: (h-1) kar (k-1).

H Tomikn KAigaka emi@avelokng Trapapopewaong (local area scale), 1 ammAd em@aveiakn
TTapauOpPWan o€ €va anueio Tou emITTEOOU aTTeEIKOVIONG gival To KAGoua Tou eufadol dE evog
OTOIXEIWOOUG TETPATTAEUPOU OTO TTITTEDO ATTEIKOVIONG TTPOG TO £UPadO dE' Tou avTtioToixou oTOI-
XEIWdoug TeTpatTAcUpou oTtnv em@daveia avagopds (EEM A oeaipa). MNa Tnv TTOCOTIKA PETPNON
TNG EM@AVEIAKNG TTAPAPOPPWONG CUVABWG XPNOIYOTTOIEITAI O OUVTEAEOTAG ETTIPAVEIOKNG
KAIJOKOG.

O ouvTteAeoThg emipaveIaKig KAipakag p (area scale factor) gival To KAGOPa NG TOTTIKAG
KAiJOKAG €TTIQAVEIOKAG TTOPAPOPPWONG TTPOG TNV KAIMOKA ETTIPAVEIAKAS TTAPANOPPWONG OTn
KEVTPIKN YPOMHA, I TO KEVTPIKO onuegio TnNG atreikéviong. Mia ypauuf/éva onueio ovoudleTal

' (Richardus and Adler 1972), (Pearson 1990), (Bugayevskiy and Snyder 1995), (Yang. Snyder and Tobler 2000), (Grafarend and
Krumm 2006).
% (Maling, 1973), (Snyder 1987), (Ndkog 2006).
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KEVTPIKA/O, OTAV Ol YPOUMIKEG, Ol ETTIPAVEIOKEG KOl Ol YWVIOKEG TTAPANOPQPUWCEIS OTN YPAMMKA
auTh/(oTo onueio auTd) EXouv TIG EAGXIOTEG TIMEG.

IMOAANEG @OpPEG O OUVTEAEOTAG ETTIPAVEIOKAG KAIUAKOG XPNOIYOTIOIEITAI PE TN HOP®H Tou
OQAALATOG ETTIPAVEIOKAG KAIJOKAG TO 0TToio uTtoAoyileTal atrd Tn diagopd: (p-1).

H ywviakn TTapapopewaon, opifeTal atmoTEAECUATIKOTEPA WE TNV ava@opd OTIS BACIKES ApXES
Tou BewpApaTog Tou Tissot Kal o€ TTAPAPETPOUG TNG EAAEIYNG TTAPAUOPPWONG. ZUPNPWVA HE TO
Bewpnua Tou Tissot (Richardus and Adler 1973):

— KdaBg oToixeindng KUKAOG oTnv emm@aveia NG oeaipag () Tou EEN) atreikovifetal oTo €TTi-
Ted0 WG EAAEIYN YVWOTH WG EAAEIPN TTapapdpewaong, f deikTpia Tissot (Zx. 3).

— 2€ KABe onueio Tng ogaipag (1 Tou EEM) utrdpyouv duo d1cubUvoEIg TTOU TEUVOVTAI JE YW-
via 90° ol otroie¢ atreikoviovTal OTO €TTITTEO0 PE YPAWMES TTOU TEUVOVTAI ETTIONG ME ywvia
90°. O1 dieuBUveIg auTég AéyovTal KUpleg SieuBivoelg.

— O kUpieg dleuBuvoElg, avAloya e T XPENOILOTTOIOUUEVN XAPTOYPOAQIKY aTTEIKOVION, Oev
QavTIOTOIXOUV aTTapaitnTa OTIg 1EUBUVAOEIG TOU PHECUBPIVOU Kal TOU TTapaAAfAou.

— H péyiotn kai n eAdxioTn TOTTIKA KAJAKA YPARPIKAG TTOpAudp@wong o€ £va OnuEio, ENea-
viCovTal oTIG KUpPIEG BIEUBUVOEIG TOU PWEYAAOU Kal MIKPOU nuIGEova TnG EAAEIWNG TTapaudp-
PWonNG avTioTOIXWG.

— Ortav o1 yeanuppivoi kai o1 TTapdAAnAol oTnv em@dvia atrelkéviong axnuatifouv ywvia 90°,
N TOTTIKA KAiJoKa ypauuIKAG TTapaudép@wong oTn dieuBuveon Tou peonuppivou givai ion pe
TN MEYIOTN TOTTIKA KAIJOKO YPAUUIKAG TTAPAPOPPWONG a Kal n TOTTIKr KAIJoKA YPAPUIKAG
TTapauépewaong oTn dietBuvon Tou TTapaAAfAou gival ion Pe TNV EAAXIOTN TOTTIKA KAIJOKO
YPAUMIKAG TTapapdpewang b.

FwviakA Tapapép@won w, Katd PNKog Jiag dielBuvong oe £va onueio Tou eTTITTEOOU OTTEI-

KOvIong gival n dlagopd PETALU TWV YWVIWV U Kal U', [w = u - u'] ol otroieg opifovTal wg £EAG:

a.) H ywvia u (Zx. 3.a), avTioToixei 0Tn ywvia petagu piag tuxaiag dieuBuvong X Kal Tng KU-
piag dietBuvong | TNG HEYIOTNG YPOAUMIKAG TTOPANOPPWONG OTNV £M@AvEIA ava@opds
(EEM, A ogaipa).

B.) H ywvia u' (Zx. 3.B), avTioToIxei 0Tn ywvia Petagl Tng ameikdviong X' NG Tuxaiag disu-
Buvong (ypauuAg) Kal TnNG aTTelkoviong TnG Kuplag dieubuvong TG MEYIOTNG YPOUMIKAG
TTapaudpewaong I" atnv emeaveia ateikéviong (oTo eTmiTTedo).

ESilowoeig TTapapoppwoswyv

Katd Tnv atmeikovion JIag Tuxaiag em@AveIag ava@opdg, Ta onueia TG otroiag TTpoodiopifo-
VTQl JE TIG TTOPANETPOUG (P, A), Ol OTTOIEG BEV AvAPEPOVTAI ATTAPAITATA OTO YEWYPAPIKO TTAATOG
KAl OTO YEWYPAPIKO WNKOG, O€ Mia eIQAVEIQ ATTEIKOVIONG (OXI KAT avaykn g€ TTTTed0), N YEVIKN
ox€an uttoAoyiopoU TNG YPAUMIKAG TTapaudp@waong U o€ oTroladnTroTte dieuBuvon evog onpeiou
oTnNV €M@AVEIQ ATTEIKOVIONG Eival:

_ [E'd* +2F dpd\+G'd\
Edg’ +2Fdpdh + GdA

(7)

OTrou:

— ol TTapdauerpol EY, F', G” gival Ta Baoikd BepeAiodn peyEdn pwTng 1G¢ng Tou Gauss yia
KABe onueio TNG €mM@AveIag ateikoviong Tou divovral ammd TIG oxéoelg (8) éwg (10)
[MoAupdkng 2008].

— ol mapduetpol E, F, G cival Ta avrioToixa Bacikd OsueAiadn peyEBn TpwTng TEENG yia TNV
em@aveia ava@opdg (datum surface).
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‘Evag oToIXe1wdng KUKAOG 0NV ETTIQPAVEIX H atreikévion Tou 0T0|xs|w66ug KUKAOU OTnVv €TTI-
avagopag, Bewpeital 6T gival eTiTTEdO OXAUA QAveIa OTTEIKOVIONG €ival EAAEIWN
a. Emeaveia avagopdg (ogaipa 3 EEM) B. Eme@dveia atreikéviong

(Zoaipa, ) emiTTEdO XAPTOYPAPIKIG ATTEIKOVIONG)

ZxAMa 3: ‘EAAeiyn TTapapopewong

2TNV KAAOOIKN TTEPITITWON XPNOIKOTIOINONG TWV XOPTOYPAPIKWY ATTEIKOVIOEWY YIO TNV ATTEU-
Beiag ameikdvion NG emedveiag Tou EENM og emimedo (Xx. 1), n em@dveia avagopdg ival n
emoeaveia tou EEM, n emedveia ammeikoviong eival 1o emimedo. Katd 10 peTaoxnuatioud mng
em@aveiag Tou EEMN og o@aipiki em@aveia (Zx. 2), N em@aveia ava@opdg gival n mQAVEIR TOU
EEM kai n emedveia atmeikéviong eival n €m@Aveld TNG XPNOIMOTTOIoUUEVNG BondnTIKAG

oQaipag.
MNa tnv em@dveia Tou EEN o1 Tiyég Twv peyebwy E, F, G divovtal atmé 1ig (11), (12) kan 13).
2 252
a (1-¢7)
E=R,’ =—1Ho -1
F=0 (12)
2.2 a’ 2
G=R " cos’p= cos 1
N i 1-e’sin’@ ® (13)
OTrou:

Rwm kai Ry €ival ol akTiveg KAUTTUAOTATOG £vOG onueiou oTtn emi@dveia Tou EENM oTig diuBuvoeig
TOU PEONUBPIVOU Kal TG TTPWTNG KABETOU AVTIOTOIXWG.
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ATIO Tn yeviki oxéon (7) Je avTIKaTaoTaon Twv TIHWV Twy Peyebwyv E, F kar G cUppwva Je TIg
(11), (12) kau (13), TTpokUTITEI N (14) YIA TOV UTTOAOYIGHO TNG TOTTIKAG YPOAUUIKAG TTAPANOPPWONG
M o€ éva onueio Tou eTTITTEQOU ATTEIKOVIONG OTTOI0CONTIOTE XAPTOYPAPIKAG ATTEIKOVIONG O€ dia
Tuxaia digvBuvon a .

, E'de’ +2F dpdA+G'dA*

RZ do® +R2d\’

E' F. ' 14

n’ =—-cos’a+ sm2a+%sm2a (14)
M RMRP P

ATI6 Tn (14) TTOU Bivel TNV TIUA TNG YPAUMIKAG TTapaudppwong Y o€ pia dislBuvon o, TTPoKU-
TrTouv ol (15) kai (16) yia Tov uTToAOYIOUO TNG YPOUUIKAG TTapaudpewaong h atn dielBuvon Tou
pMeonuppivou (o =0°) kal yia Tov UTTOAOYIONO TNG TOTTIKAG YPOUMIKAG TTapaudpewong k oTtn
d1euBuvaon Tou TTapaAAnAou (o =90°).

h= (15)
RM

G (16)
R,

Ma Tov uttoAOyIouS TNG PEYIOTNG TOTTIKAG KAIHAKOG YPAUMIKAG TTAPAPOPPWONG a Kal TNG eAdxI-
OTNG TOTTIKAG KAIJOKOG YPAUUIKAG TTApapdppwaong b, xpnoiygotrolouvtal ol (17) kai (18).

azé(\/h2 +2hk cose + k? +\/h2 —2hkcose +k*

(17)

18
b:%(\/h2+2hkcoss+k2—\/h2—2hkcoss+k2 (18)

Ortrou:
€ €ival n CUPTTANPWHATIKA Ywvia TG ywviag TOPAS Tou PeonuBpivou kKal TTapaAAfAou i
(e=90° —i), TTou divetal atoé 1 (19).
' 19
€ = arctan(— 1,) (19)
H

OTrou:
H givai n diakpivouoa Tng ETTIQAVEIAG AvAPOPAG OE £va ONUEIO TOU ETTITTEOOU ATTEIKOVIONG TTOU

divetal ato Tnv (20).
H: 'EVGV_FVZ (20)

O uTtroAoyIou6g TNG TOTTIKAG KAIUAKAG ETTIPAVEIAKNG TTAPANOPPWONG p, TTPAYUATOTIOIEITAI HE
™ (21).
p=hkcose =ab (21)
H péyiotn ywviakr TTapaudp@won w o€ KGBe anueio Tou emmmédou aTTeEIKOVIONG diveTal atrd
TNV (22).
|h-k] (22)
~ h+k
ATI6 TNV avWTEPW CUVOTITIKA TTapouaiacn TTPOKUTITEI OTI YA TOV UTTOAOYIOHO TWV YPOUMIKWY,
TWV ETTIPAVEIOKWY KAl TWV YWVIAKWY TTAPAUOPPWaEwWY HE TIG (14) €wg (22) atraiteital o TTpocdi-
OPICHOG TWV UEYEBWV:
— E, F, Gkal H yia nv emedveia avapopdg.
- E’,F, G kal H o¢ éva onpeio TnG €MIQAVEIOG ATTEIKOVIONG.
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lMNa Tov TTpoadiopioud Twv PeyebBwy E, F, H kai G oTa onueia NG em@aveiag Tng o@aipag Xpn-
oigotroiouvTtal ol (11) €éwg (13) Pe TIPA TNG TTPWTNG eKKEVTPAOTNTOG € ion Pe pndév (e=0) kal
QVTIKATAOTAON TNG TTAPANETPOU a PE TNV TIPA TNG akTivag R TG ogaipag (cuvhBwg XpnoihoTTol-
eitar opaipa povadiaiag aktivag, R=1). 21t auvéxeia rpoodiopiovTal Ta peyédn E°, F', H ka1 G~
ME TIG (8) €éwg (10) amd Ta oTroia TTPOKUTITOUV TUTTOI TTPOCOIOPICHOU TWV YPAMMIKWY, ETTIQO-
VEIOKWY KOl YWVIOKWVY TTOPANOPPUOEWV.

METAZXHMATIZMOZ THZ EMI®PANEIAZ TOY EAAEIYOEIAOYZ
2E ZYMMOP®H ZQAIPA

O1 ouvapTAOEIG TOU PETAOXNMATIOPOU TNG £TTIQAvelag Tou EENM og cuupopen oeaipa, TTpokU-
TITOUV aTtrd TNV EQApPHOYN TNG ouvenkng auppopeiag (h = k) pe Tnv otroia e§ac@alileTal OTI KaTA
TOoV peTaoxnuUaTiopd dev dnuioupyolvTal YwVIaKEG TTapapopewaocls (Bugayevskiy and Snyder
1995). Avdloya pe Ta €mOUPNTA XAPOKTNPIOTIKA TNG XPNOIUOTIOIOUUEVNG CUPNOP®NG c®aipag,
ol (4) kar (6) AauPdavouv dIa@opPeTIKEG TIMEG. O1 KuploTEPEG PEBOSOI PETAOXNMATIOMOU TNG
emeaveiag Tou EEN og ogaipa cuppopiag ivai:
- O JeTaoXNUATIOPOS ME INOEVIOUO TWV YPOUMIKWY TTAPAUOPPWTEWY GTOV ITNUEPIVO TTOU
TTPOTAONKE apxikd atmd Tov Mollweide 1o é1og 1807,

- O METAOXNMATIONOG HE MNOEVICHO TWV YPANMIKWY TTOPANOPPUOEWY OTO BACIKO TTAPAA-
AnAo TTou TTPOTABNKE apxiké atrd Tov Gauss T0 £€10¢ 1822 Kal

- 0 METAOXNMATIOPOG UE UNOEVIONO TWV YPANUIKWY TTOPANOPPWOEWY OTOV KEVTPIKO
MeonuBpIvé TTou TTPOTABNKE apxIKa atrd Tov Gauss 1o £10G 1844,

210 YETAOXNMATIONS TNG eTpaveiag Tou EEN og ouppopen o@aipa e undeviopd Twv ypauul-
KWV TTAPAPOPPWOEWV OTOV IGNKEPIVO, N aKTiva R, TNG GUPPOpYNG o@aipag £xel oTaBepn TIUA
ion pe TNV TIuA Tou peyaAou nuidgova tou EENM (R.=a).

210 METOOXNUATIOUO Tng €m@avelag Tou EENM og olUppopen o@aipa Pe PNdeviopd Twv
YPOUMIKWY TTAPANOPPUWOEWY OTOV KEVTPIKO HECNUPBPIVO N akTiva R, TNG GUPPOPYNS a@aipag
Oev gival oTaBepr] aAAG eCapTdTal ammd TO Yewypa@ikd TTAATOG Kal TO YEWYPAPIKO WNAKOG TOu
KEVTPIKOU onueiou.

2TO HETAOXNMATIONO TTOU €EQC@AAIleEl PNOEVIONO TWV YPOUMIKWY TTAPANOPPUWOEWY OTO
Baoikd TapdAAnAo n akTiva R, TG cuppopeng agaipag dev eival otabepr] aAld e¢aptdaral amo
TO YEWYPAQIKO TTAATOG TOU BacikoU TTapaAAnAou.

lNa 10 OKOTTO TNG ekTEAECBEITAG £peuvag €TTIAEXTNKE yIA AEIOAOYNON O PETAOXNMATIONAG TTOU
e€a0@AAiCel UNOEVIOUO TWV YPAPMIKWY TTOPAMOPPUOEWY CTOV ICNUEPIVO €TTEION: i) OTO
MeTaOXNUATIONG QUTO  XpnoldoTrolEiTal  oUPPopYn o@aipa  oTaBepng  akTivag, i) ol
ONUIOUPYOUUEVEG YPAUUIKEG TTOPANOPPUWOEIS KATA HAKOG TWV HECNUPBPIVWV Egival TTPAKTIKA
OUEANTEEC VIO TIC EPOPHUOYEC XAPTOYPAQIKNG aTTelkoviong o€ TrepIfdAhov 2ITT ( GIS)
[MaAAnkapng 2010].

Me Tnv g@apuoyh TG ocuvbAknG cuppopeiag (h=k), oTo YETAOXNMATIONO TNG ETTIPAVEIAG TOU
EEN oe¢ oUuyuopen oaipa pe PNOEVIKN YPOMMIKN TTAPANOPPWAN OTOV ICNUEPIVO, TTPOKUTITOUV
o1 (23) €wg (30), o1 otmroieg divouv TouG OUVTEAEOTEG Az, A4, As, As, Ba, By, Bs kKai Bg Twv
OUVapPTACEWV PETAoXNUATIOPOU (4) kai (6) [Yang, Snyder and Tobler 2000].

A, =lez+ie4+ieé+&e8 (23)
2 24 32 53760

A= et Lo 889 s (24)
48 80 17920
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A, = 13 o, 1363 (25)
480 17920
677
Ay=- ¢’ (26)
107520
B,=A,-A,A, -A,A, —%A; -ALA; +%A§ A, -183A3A, (27)
B,=A, +A} 24,4, -4A5 A, —13A] (28)
B, = A, +3A,A, -3A,A, +%A§ —%AzAi —9AZ A, -12,5A3A, (29)
B, =A, +2Al +44,A +8AIA, +2,7A} (30)

Me tnv e@appoyn Twv (15), (16) kai (21), TrpokuTITouv (31) Kai (32), o1 oTToiEg diVOuV TIG TINEG
TNG YPAUMIKAG KAl TNG ETTIPAVEIAKAS TTAPANOPPWONG.

(31)

h=k= E(l +lezsin2(pj
a 2

2 2
p=h’= %[l + %ezsinzwj (32)

6mou: R =a =6378137m (yia o EET WGS-84).

METAZXHMATIZMOZ THZ ENMIPANEIAZ TOY EAAEIYOEIAOYZ
2E IZOAYNAMH ZODAIPA

O1 ouvapTAOEIG TOU PETOOXNMATIOPOU TNG emTiQaveiag Tou EENM og cuupopen oeaipa, TTpokU-
TITOUV aTrd TNV €Qappoyn NG ouvBAknG cuppopiag (m=1) he Tnv otroia eEao@aAifeTal 6T KaTd
TOV HETAOXNMOTIONO Oev dNUIOUPYOUVTaAl ETTIPAVEIAKES (EUPBABIKES) TTapAPOPPWOEIg, dNAAdA TO
eUPBadov TnG em@aveiag TNG 1I00dUvaung o@aipag eival ico pe 170 eUPadOV TNG EMIQAVEIAG TOU
eMelyoe1doug. AT TV avaAuon Kal TTegepyaaia TNG ouvlrikng auThg), TTpoadlopideTal, TO00 N
akTiva R, TNG 10000vapng o@aipag, 600 Kal 0 OUVTEAEOTEG Ay, As, As, As, Bo, B4, B Kal Bg Twv
OuUVapPTAOEWV PETAoXNUATIOPoU (4) kai (6) [Pearson 1990].

H akTiva R, TNG 1c00duvaung oeaipag divetal ato Tnv (33). O1 ouvTeAeoTéG Ay, Ay, As , As, TNG
ouvdapTtnong JeTaoxnuaTiopou (4), divovtal atrd TI¢ (34) éwg (37). O1 ouvTeAeoTéS By, By, Bs kai
Bg divovTal atmé Tig (27) £éwg (30) oTIg 0TT0iEG, OPWG XPNOILOTTOIOUVTAI Ol TIMEG TWV OUVTEAECTWV
Az, A4, As Kal Ag TV (34) £wg (37).

2 3 4 5
R*=a’(l-¢’ [1+—e2 +>e* +—¢° +—e8j
i) 30 750 775 T (33)
Katd 1o petaoxnuationd tng emedveiag tou EEN o€ 1c00d0vapn o@aipa 0TI CUVAPTHOEIS TWV
(4) ka1 (6) o1 ouvTeAeaTEG Ag, As, As , 1| Ag, By, By, Bs kai Bg gival icol e :
1, N 31 , 59 X 126853

A,=—¢ e’ + + e
3 180 560 518400

(34)
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17 ., 61 , 3622447
4 == e + e + e (35)
360 1260 94089600
A, = 383 o4 6688039 o 36)
45360 658627200
27787 o .
S 23522400 (37)

Me tnv epapuoyr Twv (15), (16) kai (22), rpokuTtiTouv (38), (39) kai (40), o1 otToieg divouv TIg
TIWEG TNG YPOAMUMIKAG KAl TNG YWVIOKAG TTAPAPOPPWONG.

2

h =1+%Cosz(p (38)
&
k :l—zcoszq) (39)
.o e,
sin—=--cos’¢ (40)

METAZXHMATIZMOZ THZ EMIPANEIAZ TOY EAAEIYOEIAOYZ
2E IZAMNEXOYZA ZTH AIEYOYNZH TQN MEZHMBPINQN ZO®AIPA

O1 ouvapTtoeIg Tou peTaoynuaTiopou NG emipavelag Tou EENM o icaméxouca otn diclbuvon
TWV MeEONUBPIVWV OQaipd, TTPOKUTITOUV ATTO TNV €QAPUOYR TNG OUVOAKNG WNOEVIOUOU Twv
YPOUUIKWY TTAPAUOPPWOEWY aTn dieuBuvon Tou peonuBpivou (m=1). Amé tTnv avdAuon kai
emegepyaaia Tng ouvlnkng autAg TIpoodiopifeTal, TOCO N akTiva Ry TNG BondnTIKNAS opaipag,
600 Kal 01 OUVTEAEDTEG Ay, A4, As , | Ag, By, Bs, Be Kal Bg Twv ouvapTOEWyY PETAOXNUATIOUOU
(4) xai (6) [Yang, Snyder and Tobler 2000].

H akTtiva R, TG 10atTéxoucag atn dieuBuvaon Twy peonuppivwv o@aipag divetal atmd tnv (41).
O1 ouvteheoTéQ Ay, A4, As , As, TNG OUVAPTNONG PETAOXNUATIOKOU (4), divovtal atro TIG (42) éwg
(51). O1 ouvteAeoTég B,, By, Be kai Bg divovral amod 1ig (27) éwg (30) oTig otroieg, Ouwg
XPNOIUOTTOIOUVTAI OI TINEG TWV OUVTEAECTWV Ay, A4, As KaI Ag TV (42) Ewg (45).

R, —a’(1—¢?) 1 302 454 175 o 11025
4~ 64 256 16384

(41)

B!
A, = 42
2= (42)
CV
A, =- 43
toaa (43)
Dl
o= (44)
64
E!
8§ = (45)
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A’=1+§ez+£e4+175 e6+11025e8 (46)
4 256 16 384

B’ =ie2 +1—Se4 Jrﬁe6 +—2205 e (47)
4 16 512 2048

C' 21—564 +£e6 +—2205 e’ (48)
16 256 4096

C’ =1—Se4 +£e6 +—2205 e’ (49)
16 256 4096

D' =£e6 L e’ (50)
512 2048

E' EICE e (51)
16384

Me tnv epappoyn Twv (15), (16) kai (22), TrpokuTrTouv ol (52) kair (53), ol oTToieg divouv TIg
TIUEG TNG YPOMMIKAG TTapaudpewong oTtn Olelbuvon Twv TTapaAAfAwy, TNG ETTIQAVEIOKAS
TTAPAPOPPWONG KAl TG YWVIOKAG TTAPANOPPWOnG.

¢! (52)
k=p=1—?cos2(p

o = 8482 e’*cos2¢ (53)

METAZXHMATIZMOZ THZ EMI®PANEIAZ TOY EAAEIYOEIAOYZ
2E ZQAIPA IZANEXOYZA 2TH AIEYOYNZH ENOZ NMAPAAAHAOY

O1 ouvapTtoeIg Tou peTaoynuaTiopou TnG emigavelag Tou EENM og 1caméxouca otn diclbuvon
Twv TTAPaANAAWY o@aipa, TTPOKUTITOUV ATTO TNV €QAPUOYN TNG CGUVONKNG WNOEvIOUOU Twv
YPOUUIKWY TTAPANOP@WOEwY oTn dieubuvon Twv TapaAAfAwyv (k=1). Améd tnv avaiuon kai
eTTECEPYATia TNG ouvlnkng auTtrg TrpoodiopileTal, TO00 N akTiva R, TNG BonénTiKAg o@aipag,
600 Kal O CUVTEAEDTEG Ay, Ay, As , Ag, By, By, Bs Kal Bg Twv ouvapTAcEwyY PJeTaoXNUATIOPOU (4)
kal (6) [Yang, Snyder and Tobler 2000]. Ev ToUTOIS n uAoTIOiNON TNG OUVBAKNG QUTAG €ival
ouvatd va Tpayuartotroin®ei ue did@opoug TPOTTOUG, ATTO TOUG OTToioug eival duvatd va
TTPOKUWOUV BIAPOPES 1I0aTTEXOUCEG 0T Ol1EUBUvVON TwV TTAPOAANAWY OQaipeg PE BIOPOPETIKA
XOpaKTNEIoTIKG ekdoTn. lMNa mmapddeiyua, Ta armeikovi(oueva aTn BondnTikr o@aipa anueia Tou
EE €ival duvatd va €xouv 1o idI0 YEWYPAPIKO UAKOG KAl OIAPOPETIKO YEWYPAPIKO TTAATOG UE TA
avTioToixa onueia Tou EET, f va €xouv 10 id10 TTAATOG Kai dIa@opeTikd prikog. O ouvnBéoTepog
TPOTTOG MeETAOXNUATIOUOU TnG em@dveiag Tou EENM ot 1oaméxouca otn dielbuvon Twv
TTapaAAAAWY OQaipa IKAVOTTOIET TIG ETTONEVEG GUVONKEG:

= To yewdaimikd TTAATOC @ KAl TO OQAIPIKO YEWYPAPIKO TTAATOC @ €XOUuV TIG idIEC TIUEG OTOV

IoNUEPIVO [@, = @, = 0] kal OTOUG TTOAOUS [y, = @y, = 90].

*  To yewdaITIKO PAKOG A €ival iCO PE TO OQPAIPIKO YEWYPAPIKO HAKOG [A= A].

H nipi TN aktivag R, g 10atréxoucag otn d1e0Buvon Twv TTapaAAfjAwy o@aipag divetal arrd
TNV (54). O1 OouvTeEAEOTEG Ag, Ay, As , Ag, TNG OUVAPTNONG WETAOXNMATIOWOU (4), divovTtal aTrd TIg
(55) €wg (59). O1 ouvteAeaTég By, By, Bg kal Bg divovTtal a1réd 11 (27) €wg (30) OTIG 0TT0iEG, OHWG
XPNOIUOTTOIOUVTAI OI TINEG TWV OUVTEAECTWV Ay, A4, As KaI Ag TwV (55) éwg (58).
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To o@aipiké TTAGTOG @ 0TV Ioatréxouca oTn dielBuvaon evog TTapaAAnAou BondnTIkR o@aipa,
gival ioo Ye 10 XpNOIKOTIOIOUEVO OTN YEWUETPIKA yewdaioia avnyuévo TTAGTog u (60) [Bugayev-
skiy and Snyder 1995].

R,=a (54)

A,=n, (55)

o (56)
A==

n’ (57)
A, =2
3

4 (58)
A=
4

1-+1-¢2 (59)

n =——————
*ol441-¢?

O1 ouvTteAeoTég By, By, Bg Kal Bg divovTal atrd 1ig (27) éwg (30) oTIg oT10iEg, OPWG
XPNOIUOTTOIOUVTAI OI TINEG TWV OUVTEAECTWV Ay, A4, As Kal Ag TwV oxéacwv (55) £wg (58).

Me tnv epappoyn Twv (15), (16) kai (22), TrpokuTrTouv ol (60) kal (61), o1 otToieg divouv TIg
TIUEG TNG YPOUMIKAG TTapaudép@waong oTn dIeuBuvon Twv PECNUBPIVWY, TNG ETTIPAVEIOKAG
TTAPAPOPPWONG Kal TG YWVIOKAS TTAPAPOPPWOonG.

e et (60)
h=p=1 +7cos2(p + §(3 -2sin’@ - 4sin”¢)

o' =16965 e*cos’¢ (61)

AZIOAOIM'HzZH MEOOAQN METAZXHMATIZMOY THZ EMI®ANEIAZ
TOY EAAEIYOEIAOYZ ZE ZQAIPA

H agloAdéynon Twv peBOdwWY peTAOXNUATIOMOU TnG €ME@AvVEIAS TOUu €AAEIYPOEIDOUG €K
TEPIOTPOYPNG OPaipa £yive o€ BUO 0TAdIO. KaTd TO TTPWTO OTABIO £YIVE ALIOAGYNON TWV OXECEWV
METOTPOTING TOU YEWDAITIKOU TTAATOUG O€ OQAIPIKO YEWYPOQPIKO TIAATOG, KOBWG Kal TNG
QVTIOTPOPNG METATPOTING TOU OQAIPIKOU YEWYPAPIKOU TTAATOUG 0€ YEWDAITIKO TTAGTOC HE TIG (4)
Kal (6) yia Tn o@aipa cuppop®iag, TNV Ic0dUvVaun oeaipa, TNV ICATTEXOUCA GTOUG HECNUBPIVOUG
o@aipa kal TNV 10améxouca oToug TTapaAAfAoug o@aipa. Katd 1o deUTepo OTAdIO EyIve
UTTOAOYIOMOG Kal avAAuon TwWV YPOUMIKWY, TWV ETTIPAVEIAKWY KOl TWV YWVIOKWY TTapapop-
PWOEWV, Ol OTTOIEG dNUIoUPYOUVTAl KATA TOUG PETAOYXNMUOTIONOUG O CUUPOPYPN oaipd, O€ 100-
ouvaun o@aipa, ot 10aTTEXOUCO OTOUG HECNUPBPIVOUG O@aipa Kal O€ I0QTTEXOUCA OTOUG
TTapaAAfAoug opaipa.

AZI0OAGYNON TWV OXECEWV METATPOTTHG YEWDAITIKOU TTAATOUG O O@QAIPIKO

Ta Baoikd atroteAéopaTa TNG AIOAGYNONG TwV TUTTWV TWV OXECEWV PETATPOTTAG TOU yewddal-
TIKOU TTAATOUG O€ OQAIPIKO YEWYPAPIKO TTAATOG TTApOoUCIafovTal 0TO OIAYPANUa TOU OXuaTog 4.
ATIO Tn PEAETN KAl avAAuoh TwV ATTOTEAEOUATWY QUTWY TTPOKUTITOUV Ol ETTOUEVEG BIATTIOTWOEIG:
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NAUSIVIOS CHORA

O1 péyioteg atmokAioelg peTagl Tou YewdaITIKOU TTAGTOUG KAl TOU OQAIPIKOU YEWYPAPIKOU
TTAGTOUG dnuIoupyoUvTal o€ TTAAGTOG TTEPITTOU 45° Kal cival TTepitrou 117,54 yia Tn c@aipa
Ouppopeiag, 77,7 yia Tnv 100d0vaun o@aipa, 87,8 yia Tnv 10améXouca OTOUG PECN-
BpivoUg a@aipa kal 57,77 yia TNV I0ATTEXOUCGA GTOUG TTapaAAnAoug ogaipa.

O1 eAaxI0TEG ATTOKAICEIG TOU YeWwdAITIKOU TTAATOUG Kal TOU O@AIPIKOU YEWYPAPIKOU TTAG-
TOUG TTAPATNPEOUVTAI O€ PIKPG Kal ¢ PeydAa yewypa@ikd TTAATN. O1 atrokAioelg pndevico-
VTal OTOV ICNUEPIVO Kal OTOUG TTOAOUG.

O peTtaoxnuUaTIon6G Tou YewdAITIKOU TTAATOUG @ 0€ OQAIPIKO YEWYPAPIKO TTAATOS @y (P
— @) KOBWG Kal 0 avTiOTPOQOG HETACXNUATIONOS (@ — @) Pe TIG (4) Kkai (6),
TIPOCAPPOCHEVEG VIO TIG TEOOEPIG ££TAOBEICEG OQPaipeg, TTAPEXEl aTTOAUTN TAUTION TWV
QATTOTEAECPATWY YIa TOV €UBU Kal yIa TOV AVTIOTPO®O HETATXNMATIONO. O1 TINEG TOU @y
TTOU TTPOCdIopIovTal e TOUG TUTTOUG (4), 6Tav XpnoldoTroinBoulv otn (5) divouv akpIBwg
TIG i0IEC TINEG TOU apyIKOU yewdaITIkoU TTAGTOUG TTOU XPNOIYOTIOINONKE oTov €uBu
METAOYXNMOTIONO.

1.007 ——rr
"""" Tlppopyn Tgaipo L]

— - — gaméyouaa atry BiedBuvan Tey TTapaAAfAey Tpaipo
1.006 :

igaeyouTa ot dis0Buvan Ty peanpBprdy ogaipo

1.005

1.004

1.003

1.002

1.001

ZUYTEMETTIC ETTIPOVEIOKTC TTORALORPUICT ¢

0.993

AN UL FUUE DUUEE DU FUUTE DUUE DU FUUTE DO
0 10 20 30 40 50 60 70 80 a0

[EWAUMKS TTAGTOC

IyxAua 6: ETM@aveIakEG TTAPAPOPPWOEIS HETAOXNMATIOPOU emigaveliag EENM og ogaipa

Y1roAoyiopdg Kal avaAuon TTapapopPuOEWYV

Ta atmmoTeAéoPATA TWV UTTOAOYIOHWY AUTWY TTapoucidlovTal CUVOTITIKG oTa diaypauuata Twv
oxXNUAaTwyv 5 kai 6. ATTO TNV avaAuon Twy OTOIXEIWY AQUTWY, TTPOKUTTTEL:

Katd 1o petaoxnuartiopd tng emeadveiag tou EENM oe ommoiadntrote amo TI¢ avwTépw TEO-
oEpIG PoNdONTIKEG OPaipeS (OPaipa cuppop@iag, I00dUVAPN 0Paipa, ICATTEXOUCO OTOUG E-
onuBPIvoUg oeaipa Kal 10aTTEXOUCA OTOUG TTAPAAAAOUG o@aipa), oI SNUIOUPYOUNEVEG
YPOUMIKEG, YWVIOKEG KAl ETTIPAVEIOKES TTAPAPOPPUICEIS €ival TTPAKTIKA aPeEANTEEG yia TO
OKOTTO TnG eKTEAEOBEioAg £peuvag (XapTOYPAPIKN aTTEIKOVION OAOKANPENG, N THAMATOG TNG
ETMIPAVEIAG TNG YNG).

H péyiotn ypappik mapapdpewon eivar mepitrou 0.33%. H Tapapdpewaon autr Trapartn-
peiTal oToug TTOAOUG TNG CUPPOPYNS O@Aipag Kal TNG I0ATTEXOUCAG OTOUG TTaPAAAfAOUG
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o@aipag. H eAdxioTn ypauuikn TTapapoépewaon (TTAnv TNg cUPPop@nG o@aipag) eival repi-
Tou 0.12%. H TTapaudp@waon auTr] TTapaTnpEiTal oTov ICNPEPIVO TNG 1I000UVANNG 0Qaipag.

— H péyiotn ywviakA TTapapopewaon eival Tepitrou 11°.5. H TTapapdp@waon auth mapaTtnpei-
Tal OTOV 1IONUEPIVO TNG 10ATTEXOUCAS OTOUG TTAPAAARAoug o@aipag. H eAdxIoTn ywvioKA
TTapapdpewon (TTANV TNg oUPPopeNns oeaipag) sival repitrou 3°.8. H TTapaudpewon auth
TTOPATNPEITAI OTOV ICNUEPIVO KAl TOUG TTOAOUG TNG 1000UVAUNG O@aipag.

— H péyiotn emavelakh Tapaudpewaon civail epitrou 0.69%. H mapaudppwaon auTh Tapa-
TNPEITal 0TOUG TTOAOUG TNG CUUMOPEPNG OYaipag. H eAAXIOTN €TIQAVEIOK TTAPANOPPWON
givar Trepimou 0.57%. H TTapapdpewon auTh TTopaTnpEiTal oTovV  10NUEPIVO  TNG
I0QTTEXOUCAG OTOUG TTAPAAAAAOUG O@aipag.

— H 1oamméxouoca oToug peonuUBPIVOUG o@aipa dev eu@aviCel PEYAAEG TIMEG YPOUMIKWY N
YWVIOKWV TTAPAUOPPWOEWY, OTTWG N cUPPop®n Kal n 100dUvaAun o@aipa avTioToiXwG.
Emiong n 1oaméxouca oToug peonuBpIvoug o@aipa eu@avifel PIKPOTEPES YWVIAKES Kal
ETTIPAVEIAKES TTAPAPMOPPWOEIG ATTO TNV ICATTEXOUCQ OTOUG TTapaAAAAOUG opaipa.

2YNOWH - 2YMMNEPAZMATA

2710 TTapdV ApBpo TTapouCIAcTNKAV Kal agloAoyABnkav Téooepig HEBOSOI HETAOXNUATIOPOU TG
ETMQPAVEIAG TOU EAAEIYPOEIDOUG O OPAIPIKI| ETTIPAVEIN JE OKOTTO TOV TTEPAITEPW PETACXNMOTIONS
TNG OQAIPIKAG QUTAG ETTIPAVEIOG O€ €TTITTEO0 WE TN XPAON XOAPTOYPAPIKWY TTPOBOAWV yia TIG
oTroieg Ogv UTTAPYXOUV €EICWOEIC METAOXNMATIONOU TOU eAAEIPoeldols. o cuykekpiyéva
TTAPOUCIOCTAKAY Kal aglohoynBrikav ouvapTrioelig yia Tov €uBU Kal yia Tov avTioTpo®o
METAOXNUATIONO TWV YEWOAITIKWY OUVTETAYUEVWY (@, A) Twv onueiwv Tou eAAEIYPOEIBOUG
(em@avelag ava@opdsg) OTIC OQPAIPIKEG OUVTETAyPEVES (@7, A) Twv onueiwv TNG oQaipag
(emIQAveEIOg ATTEIKOVIONG) YIA TIG ETTOUEVES TTEPITITWOEIG:

= UETAOXNMOTIONOG TNG ETTIPAVEIOG TOU €EAAEIYPOEIDOUG O OQaAipd XWPEIGC YWVIAKES
TTAPAPOPPWOEIS (OPaipa CUUPOPPIaG)

" PETAOXNUATIOWOG TNG ETTIQPAVEING TOU €AAEIYOEIBOUG O O@Aipa XWPIG ETTIPAVEIAKES
(epBadikég) TTapapopPwaoels (Icoduvaun oeaipa)

" PETAOYXNMATIONOG TNG ETIQAVEIAG TOU EAAEIYOEIBOUG O€ OQPAipa XWPIG YPAUMIKES
TTAPAPOPPWOEIG OTN BIEUBUVON TWV HECNKBPIVWYV (oPaipa IcatTéxouca oTr dlsUBuvon
TWV PECNUBPIVWIV)

= UETAOXNMOTIONOG TNG ETTIPAVEIAG TOU EAAEIPOEIBOUG OE CPAIPA XWPIS YPAMMIKES
TTapaPoOPPWaeI§ aTn dielBuvon evog TTapaAAfAou TTAGTOUG (O@aipa I0ATTEXOUCA OTN
d1evBuvan evég TTapaAAfAou TTAGTOUG)

MNa tv adloAdéynon Twv TTAPOTTAVW PEBODdWY PETACKXNMATIONOU TnNG ETMIQPAVEIOG TOU
eMeIPoEIdOUG O OQAIPIKA €TTIQAVEIQ €yIVE UTTOAOYIOUMOG Kal avAdAuon TnG KATAVOPNAS Twv
TTOPAUOPPWOEWY (YPAHHIKWY, ETTIQAVEIAKWY KAl YWVIAKWY) TTou dnuioupyolvTal KaTd TOug
METOOXNMUATIOPOUG aUTOUG. Ta atroTeAéopaTa AUTAG TNG agloAdéynong Ptropouv va aglotroinbouv
oTnVv €mMAoyA TNG KATAAANAGTEPNG PEBODOU PETAOXNUATIOHOU YIA TNV XOPTOYPOAQIKI) OTTEIKOVION
OAOKANPNG, A TUAMATOG TNG €mME@AVEIAS TNG yNG ME PAcn TIC KATA TEPITITWON €mMOUUNTES
1I010TNTEG (TT.X. MNOEVIOUOG TWV YWVIOKWY TIAPOUOPPWOEWY, HNOEVIOUOS TWV YPAUMIKWY
TTOPAPOPPWOEWY O€ Wia kKaBopiopévn dielBuvon KATT.), avaAoya PE TOV OKOTTO YId TOV OTTOIO
TTpoopifeTal KABE XapTOYPAPIKA ATTEIKOVION.
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Foundations of Newtonian Dynamics:
An Axiomatic Approach for the Thinking Student

C. J. Papachristou®

Department of Physical Sciences, Naval Academy of Greece, Piraeus 18539, Greece

Abstract. Despite its apparent simplicity, Newtonian Mechanics contains conceptual
subtleties that may cause some confusion to the deep-thinking student. These subtleties
concern fundamental issues such as, e.g., the number of independent laws needed to
formulate the theory, or, the distinction between genuine physical laws and derivative
theorems. This article attempts to clarify these issues for the benefit of the student by
revisiting the foundations of Newtonian Dynamics and by proposing a rigorous axiomatic
approach to the subject. This theoretical scheme is built upon two fundamental
postulates, namely, conservation of momentum and superposition property for
interactions. Newton’s Laws, as well as all familiar theorems of Mechanics, are shown to

follow from these basic principles.

1. Introduction

Teaching introductory Mechanics can be a major challenge, especially in a class of students
that are not willing to take anything for granted! The problem is that, even some of the most
prestigious textbooks on the subject may leave the student with some degree of confusion,
which manifests itself in questions like the following:

1.

2.

Is Newton’s First Law a law of motion (of free bodies) or is it a statement of existence (of
inertial reference frames)?

Are the first two Newton’s Laws independent of each other? It seems that the First Law
is but a special case of the Second!

Is the Second Law a true law or just a definition (of force)?

Is the Third Law more fundamental than conservation of momentum, or is it the other
way around?

And, finally, how many independent laws are really needed in order to build a complete
theoretical basis for Mechanics?

3 papachristou@snd.edu.gr
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In this article we describe an axiomatic approach to introductory Mechanics that is both
rigorous and pedagogical. It purports to clarify issues like the ones mentioned above, at an early
stage of the learning process, thus aiding the student to acquire a deep understanding of the
basic ideas of the theory. It is not the purpose of this article, of course, to present an outline of a
complete course of Mechanics! Rather, we will focus on the most fundamental concepts and
principles, those that are taught at the early chapters of Dynamics (we will not be concerned
with Kinematics, since this subject confines itself to a description of motion rather than
investigating the physical laws governing this motion).

The axiomatic basis of our approach consists of two fundamental postulates, presented in
Section 2. The first postulate (P1) embodies both the existence of inertial reference frames and
the conservation of momentum, while the second one (P2) expresses a superposition principle
for interactions. The Law of Inertia is deduced from P1.

In Sec.3, the concept of force on a particle subject to interactions is defined (as in Newton’s
Second Law) and P2 is used to show that a composite interaction of a particle with others is
represented by a vector sum of forces. Then, P1 and P2 are used to derive the Law of Action
and Reaction. Finally, a generalization to systems of particles subject to external interactions is
made.

For completeness of presentation, certain derivative concepts such as angular momentum
and work are discussed in Sec.4. To make the article self-contained, proofs of all theorems are
included.

2. The Fundamental Postulates
We begin with some basic definitions.

Definition 1. A frame of reference (or reference frame) is a coordinate system (or set of axes)
used by an observer to measure the position, orientation, etc., of objects in space. The position
of the observer him/herself is assumed fixed relative to his/her own frame.

Definition 2. An isolated system of particles is a system of particles subject only to their
mutual interactions, i.e., subject to no external interactions. Any system of particles subject to
external interactions that somehow cancel one another in order to make the system’s motion
identical to that of an isolated system will also be considered an “isolated” system. An isolated
system consisting of a single particle is called a free patrticle.

Ouir first fundamental postulate of Mechanics is stated as follows:

Postulate 1. A class of frames of reference (inertial frames) exists such that, for any isolated
system of particles, a vector equation of the following form is valid:

z m,V, = constant in time (1)

1

where v, is the velocity of the particle indexed by i (i =1,2,---) and m, is a constant quantity

associated with this particle, which quantity is independent of the number or nature of
interactions the particle is subject to.

We call m; the mass and p; =m;V, the momentum of this particle. Also, we call
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f’zZm,ﬂ :Zﬁ" )]

the total momentum of the system, relative to the considered reference frame. Postulate 1, then,
expresses the principle of conservation of momentum: the total momentum of an isolated
system of particles, relative to an inertial reference frame, is constant in time. (The same is true,
in particular, for a free particle.)

Corollary 1. A free particle moves with constant velocity (i.e., with no acceleration) relative to
any inertial reference frame.

Corollary 2. Any two free particles move with constant velocities relative to each other.

Corollary 3. The position of a free particle may define the origin of an inertial frame of
reference.

We note that Corollaries 1 and 2 constitute alternate expressions of the Law of Inertia
(Newton’s First Law).

Consider now an isolated system of two particles of masses m,and m,. Assume that the
particles are allowed to interact for some time interval At. By conservation of momentum,

A(py+py)=0 = Apy=—4p, = m AV =—m, 4V, .

We note that the changes in the velocities of the two particles within the (arbitrary) time interval
At must be in opposite directions, a fact that is verified experimentally. Moreover,

4w _my
|A” | = —— = constant €))
V2 m,

regardless of the kind of interaction or the time At (which also is an experimentally verified fact).
These demonstrate, in practice, the validity of the first postulate. Moreover, Eq.(3) allows us to
specify the mass of a particle numerically, relative to the mass of any other particle, by letting
the two particles interact for some time.

So far we have examined the case of isolated systems and, in particular, free particles.
Consider now a particle subject to interactions with the rest of the world. Then, in general
(unless these interactions somehow cancel one another), the particle’s momentum will not
remain constant relative to an inertial reference frame, i.e., will be a function of time. Our second
postulate, which expresses the superposition principle for interactions, asserts that external
interactions act on a particle independently of one another and their effects are superimposed:

Postulate 2. If a particle of mass m is subject to interactions with particles m,, m,,---, then, at
each instant ¢, the rate of change of its momentum is equal to

dp dp
L - — 4
232 @
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where (dp/dt). is the rate of change of the particle’s momentum due solely to its interaction

i

with particle m; (i.e., the rate of change of p if the particle m interacted only with m, ).
3. The Concept of Force

We now define the concept of force, in a manner similar to Newton’s Second Law:

Definition 3. Consider a particle of mass m that is subject to interactions. Let p(¢) be the

particle’s momentum as a function of time, as measured relative to an inertial reference frame.
The vector quantity

F = (5)

S

is called the total force acting on the particle at time ¢.

Taking into account that, for a single particle, p =mv with fixed m, we may rewrite Eq.(5) in
the equivalent form,

v

F=md=m
dt

(6)

where a is the particle’s acceleration at time t.

Corollary 4. Consider a particle of mass m subject to interactions with particles m,, m,,---

Let F be the total force on m at time t, and let Fj be the force on m due solely to its interaction

with m,. Then, by the superposition principle for interactions (Postulate 2) as expressed by
Eq.(4), we have:

F=YF @

Theorem 1. Consider two particles 7 and 2. Let 17“12 be the force on particle 7 due to its

interaction with particle 2 at time t, and let }7“21 be the force on particle 2 due to its interaction
with particle 7 at the same instant. Then,

Flz =—1 ®)

Proof. By the superposition principle, the forces F,, and F,, are independent of the

presence or not of other particles in interaction with particles 7 and 2. Thus, without loss of
generality, we may assume that the system of the two particles is isolated. Then, by
conservation of momentum and by using Eq. (5),
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d . .
E(pl+p2):0 =

dp, __dp, = =
A__TH o FE=-F, .
dt dt 12 21

Equation (8) expresses the Law of Action and Reaction (Newton’s Third Law).

Theorem 2. The rate of change of the total momentum 13(t) of a system of particles, relative
to an inertial frame of reference, equals the total external force acting on the system at time ¢.

Proof. Consider a system of particles of masses m, (i=1,2,---). Let F; be the total external
force on m; (due to its interactions with particles not belonging to the system) and let F be the

internal force on m; due to its interaction with m; (by convention, Fl.j =0 when i=j). Then, by

Eq.(5) and by taking into account Eq. (7),
dp Z -
_L1 — F;
J

By using Eq.(2) for the total momentum, we have:

But,

where the action-reaction law (8) has been taken into account. So, finally,
dP _
—=>)> F =F 9
dt IZ i ext ( )

where Fm represents the total external force on the system.

4. Derivative Concepts and Theorems

Having presented the most fundamental concepts of Mechanics, we now turn to some useful
derivative concepts and related theorems, such as those of angular momentum and its relation
to torque, work and its relation to kinetic energy, and conservative force fields and their
association with mechanical-energy conservation.

Definition 4. Let O be the origin of an inertial reference frame, and let ¥ be the position
vector of a particle of mass m, relative to O. The vector quantity

]:=;7><[7=m(r><\7) (10)
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(where p=mvV is the particle’s momentum in the considered frame) is called the angular
momentum of the particle relative to O.

Theorem 3. The rate of change of the angular momentum of a particle, relative to O, is given
by

Z—FxF=T (11)

where F is the total force on the particle at time ¢, and T is the forque of this force relative to O,
at this instant.

Proof. Equation (11) is easily proven by differentiating Eq.(10) with respect to time, and by
using Eq.(5).

Corollary 5. If the torque of the total force on a particle, relative to some point O, vanishes,
then the angular momentum of the particle relative to O is constant in time (principle of
conservation of angular momentum).

Under appropriate conditions, the above conservation principle can be extended to the more
general case of a system of particles (see, e.g., [1-5]).

Definition 5. Consider a particle of mass m in a force field F(7), where 7 is the particle’s

position vector relative to the origin O of an inertial reference frame. Let C be a curve
representing the trajectory of the particle from point A to point B in this field. Then, the line
integral

B -
W, = j F(7)-dF (12)
A
represents the work done by the force field on m along the path C. (Note: This definition is valid
independently of whether or not additional forces, not related to the field, are acting on the

particle; i.e., regardless of whether or not F’(F) represents the total force on m.)

Theorem 4. Let ﬁ(?) represent the fotal force on a particle of mass m in a force field. Then,
the work done on the particle along a path C from A to B is equal to

B - — —
Wip = F(F)-dF = E, y—E, 4 = AE (13)
where
1 2 Pz
E =—mv =— 14
) 2m @9

is the kinetic energy of the particle.
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Proof. By using Eq.(6), we have:

ﬁ-d?zmd—v-dfzmﬁ-dﬁ:lmd(\?\?):lmd(vz):mvdv,
dt 2 2

from which Eq.(13) follows immediately.

Definition 6. A force field F(7) is said to be conservative if a scalar function E,(F)

(potential energy) exists, such that the work on a particle along any path from A to B can be
written as

B > —_—
W= F()-dF =E, ,~E (15)

5= —AE

p

Theorem 5. If the total force F(7) acting on a particle m is conservative, with an associated
potential energy E,(7), then the quantity

E:Ek+Ep:%mv2+Ep(F) (16)

(total mechanical energy of the particle) remains constant along any path traced by the particle
(conservation of mechanical energy).

Proof. By combining Eq.(13) (which is generally valid for any kind of force) with Eq.(15)
(which is valid for conservative force fields) we find:

AE, =-AE, = A(E,+E,)=0 = E +E,=const.

Theorems 4 and 5 are readily extended to the case of a system of particles [1-5].

5. Summary and Concluding Remarks

Newtonian Mechanics is the first subject in Physics an undergraduate student is exposed to. It
continues to be important even at the intermediate and advanced levels, despite the
predominant role played there by the more general formulations of Lagrangian and Hamiltonian
dynamics.

It is this author's experience as a teacher that, despite its apparent simplicity, Newtonian
Mechanics contains certain conceptual subtleties that may leave the deep-thinking student with
some degree of confusion. The average student, of course, is happy with the idea that the whole
theory is built upon three rather simple laws attributed to Newton’s genius. In the mind of the
more demanding student, however, puzzling questions often arise, such as, e.g., how many
independent laws we really need to fully formulate the theory, or, which ones should be
regarded as truly fundamental laws of Nature, as opposed to others that can be derived as
theorems.

This article suggested an axiomatic approach to introductory Mechanics based on two
fundamental, empirically verifiable laws, namely, the principle of conservation of momentum and
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the principle of superposition for interactions. We showed that all standard ideas of Mechanics
(including, of course, Newton’s Laws) naturally follow from these basic principles. To make our
formulation as economical as possible, we expressed the first principle in terms of a system of
particles and treated the single-particle situation as a special case. To make the article self-
contained for the benefit of the student, explicit proofs of all theorems were given.

By no means do we assert, of course, that this particular approach is unique or pedagogically
superior to other established methods that adopt different viewpoints regarding the axiomatic
basis of Classical Mechanics (see, e.g., a historical overview of these viewpoints in the first
chapter of [6]). Moreover, this approach suffers from the usual theoretical problems inherent in
Newtonian Mechanics (see, e.g., [7,8]), most serious of which is the following: To test whether a
given reference frame is inertial or not, one needs to check the constancy or not of the velocity
of a free particle, relative to this frame. However, an absolutely “free” particle is only a
theoretical conception, for the following reasons: (1) Every particle is subject to the long-range
gravitational interaction with the rest of the world. (2) To observe a particle, one necessarily has
to somehow interact with it. Thus, no matter how weak this interaction may be, the particle can
no longer be considered free during the observation process.

In any case, it looks like Classical Mechanics remains a subject open to discussion and re-
interpretation, and more can always be said about things that are usually taken for granted by
most students (this is not exclusively their fault, of course!). Happily, some of my own students
do not fall into this category. | honestly appreciate the hard time they enjoy giving me in class!
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Abstract. We present simulation studies on the ability of a proposed portable radiation
detecting instrument to reconstruct images of radioactive sources. The instrument is a
stack of ten CdTe layers placed 2 cm apart, consisting of 10000 pixels in a two-
dimensional arrangement, occupying an area of 4cmx4cm. The image reconstruction is
performed using LM-MELM, an imaging algorithm based on the Compton imaging
technique. Point-like radioactive sources emitting gamma-rays in a broad energy range,
located at various distances and orientations with respect to the detector's symmetry axis
have been simulated in order to estimate the ability of the instrument to reconstruct the
source images. Results on the reconstructed image resolution are presented.

Keywords: Monte Carlo simulations, Semiconductor detectors, Gamma-ray
spectroscopy, Compton camera.
PACS: 24.10.Lx, 29.40.Wk, 29.30.Kv, 42.79.Pw

INTRODUCTION

Radiation detectors that use gamma-ray imaging technologies in order to identify radioactive
sources are of great scientific interest because of their wide range of applications, including
nuclear medicine, astrophysics, waste monitoring and counter terrorism. One of the best known
such imaging technologies is the Compton imaging [1], based on the interactions of the emitted
gamma-rays with the detector’s sensitive elements via the Compton scattering process Although
research in the Compton imaging technique’s applications have begun in the 1990s, the growing
global interest for accurate detection of radioactive sources combined with the rapid advances in
detector technologies (both in terms of material fabrication and electronics), have nowadays
given great impetus to the research and development of Compton imaging detectors with
enhanced detection capability.

In this framework, the main objective of the current research paper is to evaluate the imaging
performance of a Compton imaging instrument under development (COCAE) [2].
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COCAE consists of ten parallel planar layers made of pixelated Cadmium Telluride (CdTe)
crystals occupying an area of 4cmx4cm, placed 2cm apart from each other. Each detector’s
layer has 10,000 pixels arranged in two dimensions (100x100) bump-bonded on a two-
dimensional array of silicon readout CMOS circuits. Both pixels and readout arrays are on top of
an Al,O; supporting printed circuit board layer.

The most important parameters in the design of a Compton imaging detector such as
COCAE are the efficiency in detecting gamma-rays and the energy resolution, which affects the
evaluation of the Compton scattering angle. COCAE is made of CdTe semiconductor crystals,
thus it is expected to achieve an enhanced detection efficiency compared to Germanium (Ge)
and Sodium lodide (Nal) detectors, due to the higher atomic humber of Cd and Te, resulting into
a higher absorption of gamma-rays via the photoelectric effect. In order to achieve even better
efficiency, a thick CdTe detector of several mm would be needed but such an increase of the
crystal’'s thickness would deteriorate the detector energy resolution (due to the effect of
incomplete charge collection of CdTe semiconductors). To bypass this restriction, COCAE
instrument has been designed as a system of many thin stacked CdTe crystals instead of one
thick mono-crystal. As to the energy resolution parameter, the challenge for COCAE is to
achieve a high energy resolution without the need of cryogenics (CdTe semiconductors can be
operated at room temperature due to their high energy bandwidth), which is important when
considering a portable instrument.

In order to study its performance, the COCAE instrument is modelled (Figure 1) by an open-
source object-oriented software library (MEGAIib [3] which provides an interface to Geant4 [4], a
toolkit that simulates the passage of particles through matter. The radioactive sources are
modelled as point-like mono-energetic gamma sources located at various distances and
orientations with respect to the detector, emitting gamma-rays having energies in the range from
100keV to 2000keV. The simulated energy depositions are blurred according to Gaussian
distributions with a FWHM that varies from 3.5% at energies around 100keV down to 1% at
energies above 662keV, assumed to be in accordance with realistic energy measurements. At
least one billion of gamma rays are emitted from the radioactive sources for each simulation

condition.
h\
3
Ty

FIGURE 1. A simulated gamma-ray interacts with the COCAE detector. Three energy depositions are
recorded.
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Important performance parameters of the COCAE instrument such as its detecting efficiency
and angular resolution have been studied by Monte Carlo in our previous work [5] as well as
various techniques for the determination of the correct sequence of multiple Compton scattering
interactions of the gamma rays with the detector’'s sensitive materials, in a wide range of
incident gamma-ray energies [6], [7], [8].

The current research work aims to study the ability of the COCAE instrument to reconstruct
the image of point-like radioactive sources located at different orientations and source-to-
detector distances, emitting gamma-rays in a wide range of energies. Described in the following
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sections is the image reconstruction algorithm used as well as the resolution of the
reconstructed images.

SOURCE IMAGE RECONSTRUCTION

The process of Compton imaging refers to the generation of the image of a radioactive
source by using the recorded information of the energy depositions and the positions of the
interactions of many incident gamma rays with the sensitive materials of the detector. There are
several algorithms that yield Compton images. For the current research work the selected
imaging algorithm is the List Mode Maximum Likelihood Expectation Maximization (LM-MLEM).
This technique has been originally developed for medical imaging [9] and has been wide-spread
in the field of Compton imaging [6].

LM-MLEM is an iterative algorithm that converges to the source image with the highest
likelihood of having produced the recorded data. It is a list mode based algorithm (LM); the data
fed to the algorithm is a mere list of events (energy depositions and positions of interactions of
the incident gamma rays via the Compton scattering). The list mode methods are appealing in
image reconstruction because the total number of data in the list is significantly smaller than the
number of possible combination of position and energy measurements.

The imaging algorithm starts the reconstruction of the image for each event at a time by using
the back projection method illustrated in Figure 2, which is an algorithm that projects the
Compton cone of each event onto an imaging plane. The Compton cone refers to the well
known Compton scattering process: When an emitted gamma-ray interacts with the detecting
materials via the Compton scattering effect, a recoil electron and a scattered photon are created
in a such way so both the energy and the momentum of the scattering is conserved. The energy
(Ee) and the position (7) of the recoil electron can be quickly measured while the scattered

photon ideally deposits all its energy (Eg) in the detecting materials in a series of one or more
interactions before it is finally absorbed via a photoelectric interaction. (The position of an
interaction is assumed to be the center of a CdTe pixel). The scattering angle (8) is related to
the energy depositions both of the recoil electron and of the scattered photon via the well known

Compton formula:
cos@:l—mocz{i— ! J (1)

E, E,+E,

where m002 is the rest energy of the electron.

Moreover, the scattering angle is geometrically related to the direction (7,) of the incident

gamma-ray via the formula:

cosf=ry-u 2)
. Ih—h
where 1 = 2

7 7]
Thus, by recording the positions of the interactions (7,7 ) and the energy depositions (Ee,

E;), the incident direction (r,) of the primary gamma-ray is constrained to lie on a cone
(Compton cone). The Compton cone’s central axis is defined by the vector u given by equation
(2) connecting the two interactions whereas the cone’s opening angle is equal to the Compton
scattering angle defined by equation (1). The apex of the Compton cone is located at the CdTe
crystal pixel in which the gamma-ray have scattered.

Since the incident gamma ray could have originated from any point on the surface of the
Compton cone, during the image reconstruction, the back projection algorithm samples
randomly the azimuthal angle (¢) over the full range [0,2m]. Then, each of the vectors
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corresponding to a specific value of ¢ directed towards to the apex of the cone is projected onto
multiple planes at different source-to-detector distances (z). For any given projection imaging
plane, the pixels intersected by the cone form a circle scribed onto the projection plane.

source
Projection
imaging plane

FIGURE 2. The Back projection imaging algorithm

All back projected Compton circles (each one corresponding to a different incident gamma-
ray emitted by the radioactive source) intersect at a common point that determines the source
location. In principle three Compton cones should be enough to reconstruct the image of a
point-like radioactive source but in practice (due to measurement errors and to incomplete
absorption of the scattered photon) a large number of reconstructed Compton cones are needed

to derive the source location accurately (Figure 3).
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FIGURE 3. The back projected image process: as the number of events and the number of iterations
increase (from top to bottom), the source image converges.

164



ISSN: 1791-4469 Copyright © 2012 Hellenic Naval Academy

The back projected image serves as the initial estimation of the image to start the iteration
procedure of the LM-MLEM algorithm. For each pixel in the image all the events having a
Compton cone that touched that pixel are recorded and the pixel’s sensitivity is calculated,
representing the probability that a gamma ray originated by the pixel is detected anywhere in the
detector. This information is fed to the LM-MLEM algorithm that uses an iterative reconstruction
equation for calculating the amplitude of each pixel of the image in order to find the
reconstructed image distribution with the highest likelihood of having produced the recorded
data.

Figure 4 depicts the reconstructed image for the case of an 800keV point-like radioactive
source using 50 iterations of the LM-MLEM imaging algorithm. The simulated source is located
50 cm from the detector’s center at inclination angle 6=26.56° and azimuth angle ¢=0° (where
0=0° corresponds to the detector's symmetry axis), in spherical coordinates.
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FIGURE 4. Reconstructed image using 50 iterations of LM-MLEM imaging algorithm, for the case of z
simulated point-like radioactive source (800 keV) located at (6=26.56°, ¢=0°).

RECONSTRUCTED IMAGE RESOLUTION

The ability of the COCAE instrument to estimate the orientation of radioactive sources
depends largely on its resolution of reconstructing radioactive sources’ images. The
reconstructed image resolution is defined as the combined FWHM of the azimuth (¢) and
inclination (0) profiles of the source’s reconstructed image measured in steradian (sr).

We have studied the reconstructed image resolution of the COCAE instrument by considering
two case conditions: point-like radioactive sources located a) on the detector's symmetry axis
(z) and b) off the detector's symmetry axis.

For the evaluation of the reconstructed image resolution for various gamma-ray energies,
source-to-detector distances and orientations, the same number of interactions of incident
gamma rays with the detector has been assumed. This assumption can be achieved
experimentally by increasing the acquisition time as a function of the source-to-detector
distance.

Shown in Figure 5a and 5b are the azimuth and inclination distributions respectively
(measured in degrees), for the case of an 800keV point-like radioactive source located 50 cm
from the detector’s center at azimuth angle 6=26.56° and inclination angle ¢=0° .
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FIGURE 5. a) azimuth and b) inclination profiles of the reconstructed image of an 800keV point-like
source located at (6=26.56°, =0°), in spherical coordinates.

Radioactive sources located on the detector’s symmetry axis

For the case of on-axis radioactive sources, our studies have been performed by simulating
radioactive sources emitting gamma rays in an energy range from 100keV to 2MeV located at
distances up to 2m from the detector’s centre.

Presented in Figure 6 is the reconstructed image resolution (measured in steradian (sr) as a
function of the source-to-detector distance for three cases of point-like radioactive sources
emitting 400keV, 1000keV and 2000keV gamma rays. It can be noticed that the reconstructed
image resolution increases as the source-to-detector distance is reduced; it varies from less
than 2.5x10 sr (for source-to-detector distances ~50cm) down to about 0.5x107 sr (for point-
like sources located at distances greater than ~1m).
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FIGURE 6. Reconstructed image resolution for point-like 400 keV, 1000 keV and 2000 keV radioactive
sources located on the detector's symmetry axis, as a function of source-to-detector distance.

Furthermore, it can be seen from Figure 7 that for an arbitrary source-to-detector distance
(z=80cm) and for point-like radioactive sources emitting gamma rays with energies in the range
from 400keV to 2000keV, the reconstructed image resolution is less than 1x103sr.
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FIGURE 7. Reconstructed image resolution for point like radioactive sources located on the detector’s

symmetry axis as a function of the incident gamma ray energy, for an arbitrary source-to-detector
distance (z=80cm).

Moreover, we have studied the dependence of the COCAE’s image resolution on the number
of the reconstructed events. (It has to be noticed that for the reconstruction of the source’s
image only a fraction of the reconstructed events is used, corresponding only to those events
that interact with the COCAE’s detecting elements via the Compton scattering process). Figure
8a and 8b show the azimuth (¢) and the inclination (8) coordinate respectively of the
reconstructed image, as a function of the number of reconstructed events. The simulated point-
like radioactive sources emit gamma rays in the energy range from 400keV to 1250keV and
they are located at an arbitrary source-to-detector distance (z=120cm), on the detector’s
symmetry axis (¢=180° 6=90°). The solid line in Figure 8a and 8b represents the real azimuth
and inclination coordinate of the simulated sources respectively, whereas the error bars
correspond to the estimated FWHM of the image distributions, measured in degrees (deg). It
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FIGURE 8: The azimuth (top) and inclination (bottom) image coordinate of point-like radioactive sources
located on the detector’'s symmetry axis (solid line), as a function of the number of reconstructed events.

Radioactive sources located off the detector’'s symmetry axis

For the case of point-like radioactive sources located off the detector's symmetry axis
(defined at @=0°0=0°) we have performed Monte Carlo studies, by simulating radioactive
sources emitting gamma rays in the energy range from 100keV to 2MeV. The sources are
located at 50 cm from the detector’s center at azimuth angle ¢=0° and inclination angles up to

90°.

Figure 9 illustrates the evaluated reconstructed image resolution as a function of the incident
gamma ray energy, for the case of point-like radioactive sources located at various inclination
angles whereas Figure 10 shows the reconstructed imaging resolution versus the inclination

angle, for 600keV, 1000keV and 2000keV radioactive sources.

It can be noticed that the reconstructed image resolution is worse compared to the case of
on-axis sources being less than ~4x107sr, for point-like radioactive sources emitting gamma
rays with energies from 600keV to 2000keV.
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FIGURE 9. Reconstructed image resolution for point-like radioactive sources located off the detector’'s
symmetry axis (¢=0°, 8=0°), as a function of the incident gamma-ray energy.
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symmetry axis (¢=0°, 8=0°), as a function of the inclination angle (8).

CONCLUDING REMARKS

The reconstructed image resolution of a portable pixelated CdTe detector (COCAE) has been
studied by applying the LM-MLEM imaging algorithm on a large number of simulated gamma
rays. The radioactive sources are modelled as point-like mono-energetic gamma sources
located at various distances and orientations with respect to the detector's symmetry axis,
emitting gamma-rays having energies in a broad energy range from 100keV to 2000keV.

Our studies have shown that for radioactive sources placed on the detector's symmetry axis
at least five thousand reconstructed events are needed for a successful reconstruction of the
source’s image. Using fifty iterations of the LM-MLEM imaging algorithm, the reconstructed
image resolution has been estimated to be less than ~2.5x10° sr (for source-to-detector
distances ~50cm) down to ~0.5x10° sr (for point-like sources located at distances greater than
~1m).
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Moreover, simulation studies performed for radioactive sources placed off the detector’s

symmetry axis have showed that the ability of the instrument to reconstruct the image is worse
than in the case of on-axis sources, being less than about 4x1073 sr.
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Abstract. We present the development of a stacked gamma radiation detecting system,
consisting of three layers of pixelated Cadmium Telluride detectors (PID350). A high
speed (120 frames/s) data acquisition system has been developed in order the system
being able to compete with high flux of gamma rays. The PID350 detector's photo-peak
energy resolution ranges from 1.73 keV to 2.15 keV (FWHM) at 59.5 KeV. Spectroscopic
measurements performed have shown that the stacked detecting system is able to
accurately evaluate the position of a 140.5 keV radioactive source located at distances in
the range from 30 cm to 1 m.

Keywords: Semiconductor detectors, Gamma-ray spectroscopy, CdTe diode detector
PACS: 29.40.WKk, 29.30.Kv

INTRODUCTION

The last decades, the world's growing interest in homeland security has given new impetus to
the efforts of the scientific community to improve gamma radiation detection technologies.
Within this research field, the current work aims to explore the ability of a radiation detecting
system under development to identify both the energy and the source-to-detector distance of
gamma radioactive sources. The system consists of three planar pixelated Cadmium Telluride
(CdTe) semiconductor detectors (PID350) stacked together.

Pixelated detectors have the advantage of providing accurate information on both the energy
deposition and the position of each interaction of gamma radiation with the detecting materials.
Moreover, by choosing the geometry of a stacked detector (in which thin layers are stacked
together), the efficiency of detecting the gamma rays is increased and more information about
the original gamma radiation can be extracted (since successive interactions with the detecting
layers are recorded).

Described in the following sections is the general structure of a PID350 radiation detector, its
calibration procedure as well as the high speed readout system developed so that the detector

171



NAUSIVIOS CHORA

being able to compete with high flux of gamma rays. A prototype stacked system consisting of
three PID350 detectors is presented as well as results on its ability of estimating the position of
point-like gamma sources.

THE PID350 DETECTOR

For the development of the gamma radiation stacked system, PID350 detectors provided by
AJAT [1] have been used. PID350 is a pixelated detector based on CdTe-CMOS technology,
suitable for gamma and X-ray detection (Figure 1). Its active area is 4.5 cm x 4.5 cm and
consists of eight CdTe-CMOS hybrid elements. Each hybrid element has 2048 radiation sensing
pixels of 350um size, thus a PID350 detector consists of 16384 pixels. Each pixel is capable of
recording the energy deposited of every detected interaction. The maximum energy deposited in
each detector pixel during two successive readout cycles is stored into a specific address in a
local memory.

FIGURE 1. The PID350 pixelated detector.

The eight CdTe-CMOS hybrid elements of a PID350 detector are grouped into two modules
each one connected to a digital control board having individual power supply and data readout
(Figure 2). During one readout cycle, the contents of all the 8192 pixels of one PID350 module
are read and stored in the computer forming a frame. The data are transferred from the control
board of each module directly to a PC station through a Serial Peripheral Interface (SPI) bus.

In the present work three PID350 detectors have been used for spectroscopic measurements
and their performance has been evaluated in order to be used in a stacked prototype system
under development. The detectors are labeled as PID350#1, PID350#2 and PID350#3. The two
modules of each detector are labeled with a subscript (e.g. the PID350#1 detector consists of
the PID350#1_1 and PID350#1_2 modules).

FIGURE 2. The PID350 system.
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CALIBRATION

The hardware calibration procedure of a PID350 detector concerns the adjustment of both
the offset and the gain parameters of each pixel. The calibration has been performed by using
the PID350 standard data acquisition system provided by AJAT, having a maximum data rate
transfer of 2 frames/s and a graphical user interface based on LabView.

For the offset adjustment, noise data have been collected in order to locate the noise peak of
each pixel. Several iterations are needed in order to reduce the width of the noise peak to no
more than two channels.

For the gain adjustment, data have been collected for each PID350 detector using a *'Am
radioactive source. The gain adjustment procedure searches for the gamma peak location and
corrects the gain parameters in order to align the gamma peaks of all pixels. Several iterations
have been performed in order to squeeze the distribution width of the gamma peak positions
(centroids) of each pixel to no more than two channels.

Since the offset and gain adjustments are not completely independent, they have been
repeated iteratively several times, in order to reduce the FWHM of the cumulative gamma ray
spectrum.

The cumulative spectrum of 2*'Am radioactive source calibration is shown in Figure 3 before
and after the hardware calibration, for the case of the detector PID350#3. Similar spectra have
been obtained for PID350#1 and PID350#2 detectors.
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FIGURE 3. Cumulative spectrum of a **'Am radioactive source recorded by the PID350#3 detector,
before (up) and after (down) the adjustment of the offset and gain parameters of all its pixels.

A HIGH SPEED READOUT SYSTEM

The read out of the PID350 detector, provided by AJAT is slow compared to the internal
memory writing speed resulting to data loss during the collection of data. In order to reduce the
data loss we have developed a new high speed readout system (Figure 4) consisting of an
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FPGA SPI, a High Speed USB and a user interface software written in VHDL and C languages.
This system manages to increase the data transfer speed to the PC from 2 frames/s, which was
the data transfer speed of the standard PID350 readout system to 120 frames/s.

Figure 4. The high speed PID350 readout system.

The user interface software of the high speed readout system checks the PID350 status,
uploads the offset and gain parameters derived by the hardware calibration procedure described
in the previous section and starts the data gathering.

The raw data recorded are stored in binary data files in a stream of bytes which are grouped
in 8-byte packets. Each packet stores the content of a single pixel from every PID350 module.
This leads to a high data rate of 112.5 Mbytes/min. In order to manipulate the raw data with
greater flexibility a software package has been developed under the ROOT framework [2]. The
software transforms the raw data packets into usable frames and stores them in ROOT format.
A frame holds an identification number for the frame (ID), the signal amplitude collected by each
pixel, the spatial coordinates of each pixel and a sequence number which carries an estimation
of the time when the interaction occurs. Furthermore, the software checks the energy resolution,
the number of bad pixels and the upper channel limit of the noise peak.

ENERGY RESOLUTION

Although the width of the distribution of the photo-peak centroids has been adjusted to be no
more than two bins during the hardware calibration of the PID350 by using a **'Am source (as
described previously), it becomes much wider when the detector is irradiated by a different
mono-energetic gamma source. This is evident in Figures 5a and 5b illustrating the photo-peak
centroid distributions of all pixels of the PID350#3 detector, when irradiated by an ?*’Am and
'%Cd radioactive source respectively (the bad pixels are excluded). The broad distribution of the
photo-peak centroids results to a broad energy peak in the energy spectrum, since the energy
peak is the convolution of the width of each pixel’s photo-peak with the distribution of the photo-
peak centroids.

In order to improve the energy resolution of the cumulative spectra, the PID350 detectors
have been irradiated by two known energy sources and a software energy calibration procedure
has been developed. According to this procedure, a total of 8192 histograms (one per each
pixel) are created dynamically and are filled with the content of the corresponding pixel, creating
in this way the spectrum of each pixel. Then, the peaks of every single pixel spectrum above the
dc level are searched and two calibration constants are determined for each pixel based on the
position of the two peaks.
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FIGURE 5.. The PID350#3 centroid channel distribution for (a) 'Am and (b) "°Cd sources.

To improve further the energy resolution, the software does not use in the energy calculation
process the “bad” pixels. The bad pixels are defined as those pixels for which the energy
calibration procedure either fails (the calibration algorithm can’t find two peaks in order to
calibrate the pixel), or the pixel is noisy (it has noisy channels above the upper edge of the dc
level).

The energy calibration has been performed for each PID350 detector, using two low energy
gamma ray standard isotopes: **'Am (59.5keV) and '%°Cd (88keV). Figure 6 illustrates the
spectrum of the PID350#3 detector before and after the software energy calibration.
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FIGURE 6. a) The un-calibrated spectrum of the PID350#3 detector (b) The calibrated spectrum after a
pixel by pixel adjustment.

Moreover, the calibrated 2*'Am photo-peak of each PID350 detector after the software
calibration is shown in Figure 7. The archived energy resolution at 59.5 KeV ranges 1.73 keV to
2.15 keV (FWHM)
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FIGURE 7. Calibrated photo-peaks of 'Am radioactive source acquired with a) PID350#1_1, b)
PID350#1_2, c) PID350#2_1, d) PID350#2_2 e) PID350#3_1 and f) PID350#3_2 detector modules.

THE STACKED PROTOTYPE SYSTEM

The Structure of the System

We have assembled a prototype system as a stack of three PID350 detectors. The ordering
of the PID350 layers in the stacked system reflects the performance of each layer, i.e. the
PID350s are stacked from the top to bottom with decreasing quality. The quality is defined by
three parameters: the energy resolution, the number of bad pixels and the upper channel limit of
the noise peak. The experimental setup used to test the performance of the prototype system is
shown in Figure 8. For the data acquisition the system described in the previous section has
been used.
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FIGURE 8. Experimental setup with the PID350 stacked prototype.

Simulation Studies

The response of both the PID350 detector and of the stacked system has been modeled
using an open-source object oriented software library (MEGAIib [3]) providing interface to the
GEant4 [4] toolkit that simulates the passage of particles through matter.

A large number of gamma rays (~10°) emitted from point-like isotropic sources placed on the
detector's axis of symmetry and at different distances interact with the PID350 detector model
and the deposited energy is smeared using a Gaussian distribution of 7keV FWHM [1]. Shown
in Figure 9 is the case of a simulated event of a 10keV gamma ray that interacts with the model
of the stacked system creating two energy depositions (hits).

FIGURE 9. An 140 keV gamma ray interacts with the stacked system creating two hits (energy
depositions).

Shown in Figure 10 is the simulated energy deposition of all hits for the case of 60 keV
incident gamma rays. The peak (59.5 keV) due to interactions of the gamma rays with the
detecting materials via the photoelectric effect process, the Ka x-ray from Cadmium (23 keV)
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and the escape peak (26.5 keV), broadened due to the smearing, are visible.
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FIGURE 10. Simulated spectrum of the energy deposited in each PID350 detector pixel, for 60 keV
incident gamma rays

Source-to-detector distance Estimation

The ability of the stacked detector to estimate the distance of a radioactive source has been
tested by using a *™Tc (140.5 keV) source placed at various distances from the system’s upper
detecting layer. The estimation of the source-to-detector distance is based on the distribution of
the fully absorbed photons (via a photoelectric effect) in each detecting layer [5].

The distance (d) of a radioactive source from the first detecting layer of the stacked system is
evaluated by fitting the following function on the distribution of the photo-peak counts (N;) of
each PID350 detector layer (i):

N, o exp(— (i 1)(; y_,.th + a] . Sinl([d +(i —];;g]2 + K J (3)

l Sin71 L
d’+k*

where t; is the thickness of a material of each detecting PID350 layer with corresponding total
absorption coefficient p;, g is the distance between the layers, k is half the length of the
rectangular layer side and a is a parameter evaluated experimentally. The sum runs over all
materials of the i layer.

The first term of the above equation reflects the absorption by the front layers of the detector.
The second term is the ratio of the solid angle subtended by the i" rectangular detecting layer
over the solid angle subtended by the first one. Experimental results for the determination of the
distance (d) by using a *™Tc radioactive source are presented in Figure 11. It can be noticed
that the 3-layer PID350 stacked prototype system is capable of evaluating the distance of a
gamma ray source with good accuracy in the distance range from 30 cm up to 100 cm.

Additionally, the complete geometry of the stacked PID350 detecting system has been
simulated using the GEANT4 package and the estimated distance using the simulated data is
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depicted in Figure 11 for the case of a 140.4KeV radioactive point-like source (*"Tc). The solid
line represents the case of the ideal source-to-detector distance estimation.
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Figure 11. Estimated distance vs. real distance of a **"Tc radioactive source using both real and
simulated data.

SUMMARY

We have developed a prototype stacked system consisting of three PID350 pixelated
detectors.

In order to reduce the data loss in case of a high flux of photons, we have developed a data
acquisition system with data transfer speed of 120 frames/s.

Furthermore, we have developed a data analysis framework that transforms the raw data
collected by the PID350 detectors into useable frames and performs a software energy
calibration for each pixel of the detector independently. The achieved energy resolution ranges
from 1.73 keV to 2.15 keV (FWHM) at 59.5keV.

Spectroscopic measurements show that the stacked system is able to accurately evaluate
the distance of a ®™Tc radioactive source from its first detecting layer, in a broad range of
source-to-detector distances from 30cm to 1m.
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Abstract. Carbon nanotubes are in the forefront of nanomaterials research since their
discovery last decade. These carbon molecules are tiny tubes with diameters down to 0.4
nm, while their lengths can grow up to a million times their diameter. In this paper the most
common fabrication methods for Carbon Nanotubes are explained and their remarkable
properties are portrayed, namely mechanical, electrical and electronic properties. Finally,
some applications of Carbon Nanotubes based on the aforementioned properties are
discussed.

Keywords: Nanotubes, Electric arc discharge, Laser ablation, Chemical vapour deposition,
phonons.

PACS: 78.67.Ch, 61.46.-w, 65.80.-g, 72.10.Di, 74.25.Kc.

1. INTRODUCTION

In the past few years nanostructured materials, with dimensions of grain size, layer thickness
or shapes, below 100 nm, are of special interest. This wide group of materials enables access to
new ranges of electronic, magnetic, mechanical or optical properties. Polycrystalline materials
with grain sizes less than a few nanometres possess properties different from classic materials,
because they are relatively highly affected by the grain boundaries. For example they appear to
be very strong and highly wear resistant coatings are being developed out of these materials.
Furthermore, researchers at IBM used magnetic nanoparticles within several ultra-thin layers to
develop advanced data storage devices. Sensors for disk-drives have been developed with
many times the sensitivity of previous devices, allowing more bits to be packed on the surface of
each disk. Nanoscale structures can potentially store trillions of bits of data per square inch,
giving them a capacity 10 to 100 times greater than that of present memory devices.

Nanotubes belong to the promising group of nanostructured materials. Although nanotubes
based on boron nitride and molybdenum are reported, Carbon Nanotubes (CNTs) are by far the
most important group. These tubes contain one or several concentric graphite layers with
diameters in the range of 0.4 nm up to tens of nanometres.
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The discovery of the “buckyball”, i.e. a football shaped C60 molecule, reported by Kroto et al.
in 1985 [1], had a strong impact and marked the beginning of a new era in carbon material
science. In 1991, lijima discovered the carbon nanotube [2]. In the soot at the negative electrode
of an arc discharge little tubes mixed with a large amount of other forms of carbon were found.
Such multi-walled carbon nanotube (MWNT) contained 2 to 50 concentric cylindrical graphite
sheets with a diameter of 3-10 nm and a length of up to 1 ym. This initial work led many groups
throughout the world to produce and purify nanotubes. Soon it became clear that nanotubes
have unique electronic and mechanical properties that are expected to lead to breaking
industrial applications. Later on, single-walled carbon nanotubes (SWNT) were developed.
Because of adhesive forces nanotubes often bunch to form ropes. The tubes can either be
open-ended or have caps formed from half a C60 molecule at either end, see Fig. 1.

FIGURE 1. High resolution TEM image of the end of a typical nanotube showing several concentric layers
with caps at the end.
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FIGURE 2. Ball-stick model of a nanotube; the balls represent the carbon atoms and the sticks their
bonds [3].
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To explain the carbon structure in nanotubes, the difference between diamond structure and
that of graphite may be considered, see Figs. 2 and 3. In diamond, each carbon atom is
attached with four others in a three dimensional lattice, which gives diamond its strength. On the
other hand, in graphite, each carbon atom is attached to three others in a plane and form a
hexagonal lattice, whilst the remaining bond is used to hold the planes above and below. The
bonds in the plane are stronger than in diamond, but the interplanar bonds are relatively weak,
and provide to the planes the possibility to slide. Therefore, whereas diamond is isotropic,
graphite is anisotropic.

FIGURE 4. (a) The carbon lattice and the ways it can be rolled up to form a zigzag, an armchair or a chiral
tube, depicted with its chiral angle; the atom at position (11,7) is projected on (0,0) like all the other atoms
on the dotted line to form a tube. (b) STM image of the (11,7) chiral tube [5].
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The structure of a nanotube is similar to that of graphite, with the difference that the sheets
are closed to form a tube. In the ideal case, a CNT consists of either one cylindrical graphite
sheet (single-walled nanotube) or several nested cylinders (multi-walled nanotube) with an
interlayer spacing of 0.34-0.36 nm that is close to the typical spacing of graphite. The C-C
bonds have a length of 0.14 nm, which is indeed shorter than the bonds in diamond, indicating
that the material is even stronger than diamond [4]. Assuming that the a CNT is produced by the
rolling of the hexagonal lattice, a few options exist. The sheet can be rolled-up along one of the
symmetry axis, subsequently, either a zigzag tube or an armchair tube can be fabricated, see
Fig. 4. It is also possible to roll-up the sheet in a direction that differs from a symmetry axis,
therefore a chiral nanotube can be obtained. Besides the chiral angle, the circumference of the
cylinder can also vary. By considering the rolling-up of the sheet as the “placement” of the atom
at (0,0) on the atom at (n,m), tubes can be classified using this pair of integers, see Fig. 4; the
roll-up vector (n,m) specifies the oriented width, recording the number of steps along the a and b
directions.

2. CNTS FABRICATION

When heated, carbon atoms recombine in soot, some in amorphous blobs, but others in
football-shaped spheres or in long cylindrical capsules. A notable progress has been made in
the synthesis of these carbon nanotubes. In general, there are three ways to make soot that
contains a reasonably high yield of nanotubes: electric arc discharge (EAD), laser ablation (LA)
and chemical vapour deposition (CVD).

2.1 Electric arc discharge

The first identified nanotubes were fabricated by a direct current electric arc discharge (EAD)
between carbon electrodes within a noble gas, like argon or helium [1, 6]. In this process, the
carbon electrodes are placed a few millimetres apart and the current of approximately 100 A
vaporises the carbon into hot plasma, some of which recondenses in the form of CNTs. Note
that, the nanotubes form only where the current flows, i.e. on the larger negative electrode. The
voltage of about 20 V, maintains a high temperature of 2000-3000 °C [7].

The typical yield of nanotubes is up to 30% by weight. The tubes have diameters between 2
and 20 nm and tend to be short, i.e. 50 ym or less, deposited in random sizes and directions;
the typical rate of deposit is about 1 mm/min. It is to be noted that, an addition of a small amount
of transition-metal powder, like cobalt, nickel or iron to the rods, favours the growth of single-
walled nanotubes. The metal serves as a catalyst, preventing the growing tubular structures
from wrapping around and closing into a smaller fullerene cage. The presence of a catalyst also
allows for reducing the temperature. Without such cooling, the arc is too hot, and the nanotubes
coalesce and merge rapidly into disorder; to minimise this effect a water-cooled cathode may be
used [8].

2.2 Laser ablation

Single walled nanotubes (SWNT) can be efficiently produced by laser ablation (LA) of a
graphite rod. These highly uniform tubes have a greater tendency to form aligned bundles than
those prepared using arc-evaporation. With this method, SWNTs were generated consisting of
CNTs, mostly of the armchair type, over 70% of the volume of material, bundled together into
crystalline ropes of metallic character [9]. These ordered nanotubes are prepared by the laser
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vaporisation of a carbon target in a furnace at 1100-1200 °C, a much lower temperature than
was previously necessary for fabricating CNTs. A cobalt-nickel catalyst assists the growth of the
CNTs, presumably because it prevents the ends from being “capped” during synthesis. By using
two laser pulses, growth conditions can be maintained over a larger volume and for a longer
time. This scheme provides more uniform vaporisation and better control of the growth
conditions. The diameter range of the tubes can be controlled by varying the reaction
temperature. Flowing argon or nitrogen gas sweeps the nanotubes from the furnace to a water-
cooled copper collector placed just outside of the furnace. A disadvantage of this method is that
it requires expensive lasers.

2.3 Chemical vapour deposition

Despite the described progress of synthetic techniques for nanotubes, there still remained
two major problems in their synthesis, i.e. large scale and ordered synthesis. But, in 1996 a
chemical vapour deposition (CVD) method emerged as a new candidate for nanotube synthesis
[10]. The method was used to produce a 50 um thick film of CNTs that were highly aligned
perpendicular to the surface. This method is capable of controlling growth direction on a
substrate and synthesising a large quantity of nanotubes. In this process a mixture of
hydrocarbon gas, acetylene, methane or ethylene and nitrogen is introduced into the reaction
chamber. During the reaction, nanotubes are formed on the substrate by the decomposition of
hydrocarbon at temperatures 700-900°C at atmospheric pressure [11]. The process has two
main advantages: the nanotubes are obtained at much lower temperature, although this is at the
cost of lower quality, and the catalyst can be grown on a substrate, which allows for the
formation of novel structures.

2.4 Purification of CNTs

The three different methods of the production of nanotubes suffer some serious limitations;
all produce mixtures of nanotubes and nanoparticles sticking together in larger lumps. The tubes
have a wide range of lengths, many defects and a variety of twists to them. Therefore, the main
concern is how to separate them of the worthless soot and how to purify the tubes. Various
post-growth treatments have been developed to purify the tubes and also to eliminate the
defects in the tubes. The material can be treated in an ultrasonic bath to free many tubes from
the particles that are originally stuck together [6]. The larger contaminants can be easily
removed due to their relatively high weight, for example by dispersing the powder in a solvent
and subsequent centrifugation. The smaller particles are more difficult to eliminate. One
possibility for MWNTSs is to perform an oxidative treatment, either by heating the powder in air at
650 °C or by a liquid phase treatment in acidic environment. For SWNTs, standard methods to
eliminate catalyst particles and amorphous carbon involve re-fluxing the raw material in acid
followed by centrifugation or cross-flow filtration.

Another possibility for purification is to employ physical methods that do not damage the
tubes, but separate the objects as a function of their size. For MWNTSs, a purification method
that uses the properties of colloidal suspensions has been developed. Smaller objects remain
dispersed while larger particles form aggregates that are deposited as sediment after a few
hours. A related method, the size-exclusion chromatography, was successfully used for the
purification and size selection for MWNTSs. Purification procedures for SWNTs without any acidic
treatment have also been reported and involve microfiltration or size-exclusion chromatography
[4].

A method to eliminate the defects in CNTs is by annealing at high temperatures, up to 3000
K; during this process, impurities and defects in the tubes are eliminated.
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3. CNTS PROPERTIES

CNTs exhibit properties that can find several uses and applications. Their mechanical,
electrical and electronic properties will be hereafter discussed.

3.1 Mechanical properties

The mechanical properties of CNTs are difficult to be measured due to their small
dimensions. However, different methods have been used. The Young’s modulus of elasticity
was estimated after measuring the thermal vibrations of nanotubes; a very high average value
of 1.8 TPa was found [12]. Wong et al. [13] used a scanning force microscope to bend
nanotubes that were mechanically fixed at one end. By measuring vibrations of nanotubes in an
electrical field, Poncharal et al. [14] found a value below 1 TPa. This is true both for multi-walled
and single-wall nanotubes because the modulus is mainly determined by the carbon-carbon
bonds within the individual layers.

' -

ey o
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FIGURE 5. (a) An AFM microscope of a multi-walled nanotube across a pore to measure its Young’s
modulus by bending it with an AFM tip (b) and (c) SEM images of a multi-walled nanotube held between
two AFM tips to measure its tensile strength.

Salvetat et al. [15] found that multi-walled nanotubes grown by arc discharge had a modulus
of about 1 TPa, whereas those grown by the catalytic decomposition of hydrocarbons had a
modulus that was smaller by one to two orders of magnitude. The nanotubes were placed
across "nanopores" and an atomic force microscope was used to bend them in the middle.
These results demonstrate that only highly ordered and well-graphitised nanotubes have a
stiffness comparable to graphite, whereas those grown by catalytic decomposition are weaker
because of their defects, see Fig. 5 (a) [15]. Further insights into the mechanical properties of
multi-walled nanotubes are reported in Ref. [16]. The ends of a multi-walled nanotube were
attached to a pair of AFM tips and stretched it until it broke, see Fig. 5 (b) and (c). The tips of the
tubes were attached on the AFM tips by electron beam deposition of carbonaceous material. A
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tensile strength of the nanotubes, ranged from 11 to 63 GPa was obtained; for comparison, high
strength steel alloys break at about 2 GPa. The Young’s modulus ranged from 270 to 950 GPa
[16]. In this process, the AFM tips only make contact with the outside of the CNTs, so the
outermost layer carries most of the load. The outermost tube ruptures at the tensile limit and
slides over the inner tubes in the so-called “sword-in-sheath” failure. There are relatively weak
Van der Waals interactions between the layers whilst the shear strength between the layers is
small. This property is very interesting for applications like nano-bearings.

When nanotubes are compressed, they show remarkable properties. They bend over to
surprisingly large angles, before they start to ripple and buckle, and then, finally kinks are
developed. Note that all these deformations of the carbon nanotubes are elastic, all
disappearing completely when the load is removed [16]. Note that the density of bundled CNTs
is 1.333 to 1.40 gr/cm3; a very low value as compared to aluminium, possessing a density of 2.7
g/cm” [8].

3.2 Electrical properties

Graphite is one of the rare materials known as a semimetal and CNTs emerge as interesting
conductors. Because electron waves can reinforce or cancel one another, an electron spreading
around the circumference of a nanotube can completely cancel itself out; therefore, only
electrons with the right wavelength remain. From all the possible electron wavelengths, or
quantum states, available in a flat graphite sheet, only a tiny subset is allowed when that sheet
is rolled into a nanotube. That subset depends on the circumference of the nanotube, as well as
on the chirality (twist) of the nanotube.

In a graphite sheet, one particular electron state, designated as the Fermi point, provides to
the graphite almost its whole conductivity; none of the electrons in other states are free to move
about. All armchair tubes and one out of three zigzag and chiral tubes combine the right
diameter and degree of twist to include this special Fermi point in their subset of allowed states.
These nanotubes are truly conducting metallic nanowires. The remaining two thirds of
nanotubes are semiconductors. For example, if n-m the roll-up factor, see Fig. 4, is three times
an integer, the carbon nanotube has an extremely small gap, and at room temperature, it shows
a metallic behaviour. For n=m, the tubes are metallic whilst for other values of n-m, the tubes
behave as semiconductors with a band gap [5], indicating that, like silicon, they do not pass
current easily without an additional amount of energy.

CNTs do not possess the same band gap, because for every circumference there is a unique
set of allowed valences and conducting states; band gaps of 0.4-1 eV can be expected for
SWNTs, corresponding to diameters between 0.6 and 1.6 nm [4]. As nanotube diameters
increase, more and more states are allowed and the spacing between them reduces. In this
way, different-size nanotubes can have band gaps as low as zero (like metal), as high as the
band gap of silicon, and almost anywhere in between. No other known material can be so easily
tuned. Note, however that, the growth of nanotubes currently provides a wide range of different
geometries, and researchers are seeking improvements so that the specific types of nanotubes
can be guaranteed.

Thick multi-walled nanotubes may display complex behaviour, because each layer of the
tube has a slightly different geometry. By tailoring their composition individually, multi-walled
tubes that are self-insulating or carry multiple signals at once, like nanoscopic coaxial cables,
may be fabricated. However, the understanding and control of nanotube growth still falls short of
these goals.

The fact that metallic nanowires are really good conductors is underlined by comparing them
with copper. A bundle of nanotubes, could conduct about one billion A/cm2 whilst copper wires
about one million A/cm? [8].
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3.3 Electronic properties

The electronic properties of single-walled carbon nanotubes are shown to be extremely
sensitive to the chemical environment [17]. Exposure to air or oxygen dramatically affects the
nanotubes resistance and other electronic properties. These parameters can be reversibly
“tuned” by surprisingly small concentrations of adsorbed gases, and an apparently
semiconducting CNT can be converted into an apparent metal through such exposure. Hence,
the electronic properties of a given nanotube are not specified only by the diameter and chirality
of the nanotube, but also depend critically on the gas exposure history.

Another very interesting electronic property of CNTs, is their field emission; they emit
electrons from their tips, when they are placed in an electrical field, see Fig. 6 [18]. Because
they are sharp, the nanotubes emit electrons at lower voltages than electrodes made from most
other materials, and their strong carbon bonds allow nanotubes to operate for longer periods
without damage.

a-

FIGURE 6. A schematic diagram of field emission of a nanotube.

3.4 Phonons and carriers in carbon nanotubes

The decoherence effects in low dimensional structures (e.g. CNTS) can be studied using the
decoherence channels due to the Coulomb interaction to the background charge fluctuation and
due to electron-phonon interaction [19]. The description of phonon modes are of special
importance for estimating the relaxation and dephasing rates. Several models have been
employed to calculate the phonon modes within CNTS like simple tight-binding model and the
density-functional-based non-orthogonal tight-binding model among others [20]. On the other
hand, the calculation of the carrier wavefunctions and the energy levels is subject of the
numerical solution of Dirac equation.

Here, we briefly describe a semiclassical model of the dephasing mechanism. Neglecting the
inhomogeneous broadening [21], the dephasing time (T,) in terms of the excited-state lifetime

T, and the pure-dephasing time T, can be given by
1 1 1

+
T, T T,
The time T, is related to the fluctuations in the carrier energy levels due to the interactions

between the carriers and the phonons among others [19]. The corresponding dephasing and
pure-dephasing time are a few tens of fs, while the relaxation time is a few tens of ps [21].
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These kinds of calculations are very important for the quantum computer architecture and
quantum optics research.

4 CNTS APPLICATIONS

The fact that nanotubes are very good conductors and that they also can appear as
semiconductors or even insulators, makes them very useful for minuscule electronic devices like
logic circuits built up out of several transistors. The making of tiny circuits might be promising for
the semiconductor industry. This industry is focussed to make computer chips smaller every
year, but also has to make them as cheap as possible.

Essential devices like field-effect transistors (FET) have been developed. They use a single
semiconducting nanotube between two metal electrodes as the channel through which electrons
flow. The current in this channel can be switched on or off by applying voltages to a nearby third
“gate” electrode. It is found that this electrode can change the conductivity of the nanotube
channel by a factor of one million or more, compared to silicon FETs. Because of its tiny size,
however, the CNT-FET should switch reliably using much less power than a silicon-based
device. It is predicted that, such a nanoscale device could run at clock speeds of one THz or
more.

The fabrication of a CNT-FET starts with placing a tube on the insulating SiO2 layer, by
spincoating of a suspension, with pre-arranged conducting pads. These pads are connected
with the tube by metal leads, lithographically deposited across the tube. This technique is
designated as the four-probe technique [22]. The silicon layer below the silicon dioxide is used
as the back gate. The first nanotube-based devices operated at very low temperatures, but in
1998 the first transistor was reported that worked at room temperature, with electrical
characteristics remarkably similar to silicon devices, see Fig. 7 [23].

drain
electrode

source
electrode

FIGURE 7. A single-molecule transistor that operates at room temperature, consisting of an individual
semiconducting nanotube on two metal nanoelectrodes with the substrate as a gate electrode.

Metal-metal junctions lead to an improved version of a single electron transistor (SET). It has
been proposed even as the future alternative to conventional silicon electronic components, but
their practical use has been limited by the fact that they only operate at very low temperatures.
However, recently the first single electron transistor operating at room temperature was reported
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[24]. The device is similar to the FET described above, but with a short nanotube section of
about 20 nm, that was manipulated by an atomic force microscope to create a Coulomb island.
SETs consist of such a conducting island connected by tunnel barriers to two metallic leads.
Strong bends (“buckles”) within the metallic carbon nanotubes are constructed using an AFM
tip, and act as nanometre sized tunnel barriers for electron transport. The created resistance is
in the order of 0.5 MQ. For temperatures and bias voltages, that are low, relative to a
characteristic energy required to add an electron to the island, electric transport through the
device is blocked. Conduction or “Coulomb charging” is observed at room temperature, with an
additional energy of 120 meV, by tuning a voltage on a close-by gate.

The next step in assessing the suitability of these devices for computer electronics involves
the integration of individual CNT-FETs to form logic gates. To build such logic circuits, nanotube
devices, that use electrons (n-type FET) and holes (p-type) as the carriers of electricity, are
needed. The problem was that all CNT-FETs showed p-type characteristics, meaning that they
were ON for negative gate bias [23]. Therefore, the first n-type CNT-FET had a great impact; it
was made by direct doping of the tube with an electropositive element such as potassium.
Potassium atoms (K atoms evaporated from an alkaline metal dispenser) are adsorbed onto the
surface of the nanotube, donating electrons to convert the nanotube from p- to n-type. By
covering half of the nanotube with PMMA, p-n junctions were produced [25]. Note, however,
that, not only by doping, but also by annealing in a vacuum, their electrical character can be
changed from p-type into n-type. Using vacuum annealing or doping to make n-type CNT-FETSs,
p- and n-CNT-FETs on the same substrate can be fabricated. These complementary CNT-FETs
are assembled to form the first intermolecular logic gates. At first, a "NOT" gate or voltage
inverter was demonstrated, see Fig. 8.

gate

FIGURE 8. An AFM showing the design of an intramolecular logic gate consisting of a single nanotube
bundle, positioned over the gold electrodes to produce two p-type CNT-FETs in series. The device is
covered by PMMA, a window is opened by electron-beam lithography to expose part of the nanotube, and
subsequently, potassium is evaporated through this window to produce an n-CNT-FET, while the other
CNT-FET remains p-type [26].

Carbon fibre is already used to strengthen a wide range of materials, and the special
properties of CNTS mean that they could be the ultimate high-strength fibre, which has a tensile
strength 20 times, and a strength-to-weight ratio of 100 times that of steel. Nanotubes have
already been used for reinforcement of nanostructural composite materials, polymers and
concrete.
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Incorporation of conducting carbon nanotubes in construction materials, such as concrete or
structural plastics, provides opportunities for real time monitoring of material integrity and
quality.

Open-ended nanostraws could penetrate into a cellular structure for chemical probing or
could be used as ultrasmall pipettes to inject molecules into living cells. With the aid of computer
simulations it was shown that water molecules will quickly enter and flow through a CNT of 8 nm
in diameter. A separate set of simulations shows that certain organic molecules also will course
through such nanotubes. The nanotubes conduct water at a rate similar to that of certain
channels in the kidneys. These unusual transport properties of CNTs might be used in
biomedical applications, such as highly targeted drug delivery.

The small size and sensitivity of nanotubes make the assembly of extremely powerful
sensors possible. Semiconducting nanotubes change their electrical resistance dramatically
when exposed to alkalis, halogens and other gasses at room temperature. For example,
semiconducting CNTs have been used to detect gas molecules [27], whilst semiconductor
nanowires have been used as detectors for a wide range of biological compounds. Also,
nanowired field-effect transistors have been converted into sensors by modifying their surfaces
with molecular receptors.

Kim and Lieber fabricated nanotube nanotweezers, by depositing free-standing electrically
independent electrodes onto tapered glass micropipettes, which can be routinely made with end
diameters of 100 nm [28]. The arms of the tweezers were about 4 ym long. The size of the
nanotweezers was limited only by the optical microscope resolution used to monitor the
attachment process.

5 CONCLUSIONS

In order to synthesise nanotubes there are three different methods, namely arc discharge,
laser ablation, and CVD. For large-scale synthesis, the CVD method is most promising. The
substrates can be recycled and the process works at lower temperatures (500—-1000° C), which
makes the process suitable for direct growth on several devices. Nanoparticles of a metal
catalyst are applied to create nanotubes of better quality. Also the structure of the substrate is
very important. It is shown that aligned pores in silicon and alumina are most suitable to create
neatly aligned nanotubes. The deposition of the metal catalyst on the substrate deserves special
attention, because it enables manipulated growth.

The strength (around 40 GPa) and stiffness (elastic modulus around 1 TPa) of nanotubes
makes them suitable for reinforcing materials and ropes, which can bear high deformations, and
extremely high tensile forces. The theoretical understanding of the electronic structure and
related properties of nanotubes and their outstanding field emission properties have made them
preferable for use in electronics.

Several applications of nanotubes have been proposed such as scanning probe tips,
nanotweezers and even nanobearings and nanosprings. Nanotubes are commonly found in
laboratories today, and research is stimulated by large amounts of money invested in it. Some
companies are already specializing in the production of carbon nanotubes, and give research a
boost.

REFERENCES

1. Kroto HW, Heath JR, O'Brien SC, Curl RL and Smalley RE, Nature, 1985; 318; 162.

2. lijima S, Helical microtubules of graphitic carbon, Nature, 1991; 354; 56-58.

3. Cohen ML, Nanotubes, Nanoscience, and Nanotechnology, Materials Science and Engineering: C,
2001; 15, Issues 1-2; 1-11.

190



ISSN: 1791-4469 Copyright © 2012 Hellenic Naval Academy

4. Bonard JM, Kind H, Stockli T and Nilsson LO, Field emission from carbon nanotubes: the first five
years, Solid-State Electronics, 2001; 45 (6); 893-914.

5. Wildéer JWG, Venema LC, Rinzler AG, Smalley RE and Dekker C, Nature, 1998; 391; 59.

6. Ebbesen TW and Ajayan PM, Large scale synthesis of carbon nanotubes, Nature, 1992; 358; 220-222.

7. Yakobson Bl and Smalley RE, Fullerene nanotubes: C1.000.000 and beyond, American Scientist,
1997; 85; 324-337.

8. Collins PG and Avouris P, Nanotubes for electronics, Scientific American, December 2000; 38-45.

9. Thess A, Lee R, Nikolaev P, Dai H, Petit P, Robert J, Xu C, Lee YH, Kim SG, Rinzler AG, Colbert DT,
Scuseria GE, Tomanek D, Fischer JE and Smalley RE, Crystalline Ropes of Metallic Carbon
Nanotubes, Science, 1996; 273; 483-487.

10.Li WZ, Xie SS, Qian LX, Chang BH, Zou BS, Zhou WY, Zhao RA and G. Wang, Large-Scale Synthesis
of Aligned Carbon Nanotubes, Science, 1996; 274; 1701-1703.

11.Xie S, Li W, Pan Z, Chang B and Sun L, Carbon nanotube arrays, Materials Science and Engineering
A, 2000; 286 (1); 11-15.

12.Treacy MMJ, Ebbesen TW and Gibson JM, Exceptionally high Young’s modulus observed for
individual carbon nanotubes, Nature, 1996; 381; 678-680.

13.Wong EW, Sheehan PE, Lieber CM, Nanobeam mechanics: Elasticity, strength, and toughness of
nanorods and nanotubes, Science, 1997; 277; 1971-1974.

14.Poncharal P, Wang ZL, Ugarte D, De Heer WA, Electrostatic deflections and electromechanical
resonances of carbon nanotubes, Science, 1999; 283; 1513-1516.

15.Salvetat JP, Andrew G, Briggs D, Bonard JM, Basca RR and Kulik AJ, Elastic and shear moduli of
single-walled carbon nanotube ropes, Phys Rev Lett, 1999; 82; 944.

16.Yu MF, Lourie O, Dyer MJ, Moloni K, Kelly TF and Ruoff RS, Strength and breaking mechanism of
multiwalled carbon nanotubes under Tensile Load, Science, 2000; 287; 637-640.

17.Collins PG, Bradley K, Ishigami M and Zettl A, Extreme Oxygen Sensitivity of Electronic Properties of
Carbon Nanotubes, Science, 2000; 287; 1801-1804.

18.Rinzler AG, Hafner JH, Nicolaev P, Lou L, Kim SG, Tomanek D, Nordlander P, Colbert DT, Smalley
RE, Unraveling nanotubes: field emission from an atomic wire, Science, 1995; 269 ; 1550-1553.

19. V.N. Stavrou and G.P. Veropoulos (2011), Advances in Mechanical Engineering Research, Vol. 1,
edited by E. Malach.

20. V.N. Popov and P. Lambin, Nano Res. 2010, 3(11):822-829.

21. Mukamel, S. (1995). Principles of Nonlinear Optical Spectroscopy (Oxford University Press, New
York); S. V. Kilina and B.F. Habenicht, (2009). Excitonic and Vibrational Dynamics in Nanotechnology,
Quantum Dots Vs. Nanotubes. (Pan Stanford Publishing)

22 .Ebbesen TW, Lezec HJ, Hiura H, Bennett JW, Ghaemi HF and Thio T, Electrical conductivity of
individual carbon nanotubes, Nature, 1996; 382; 54-56.

23.Tans SJ, Verschueren ARM, Dekker C, Room-temperature transistor based on a single carbon
nanotube, Nature, 1998; 393; 49-52.

24 Postma HWC, Teepen T, Yao Z, Grifoni M and Dekker C, Carbon Nanotube Single-Electron
Transistors at Room Temperature, Science, 2001; 293; 76-79.

25.Zhou C, Kong J, Yenilmez E, Dai H, Modulated chemical doping of individual carbon nanotubes,
Science, 2000; 290; 1552-1555.

26.Derycke V, Martel R, Appenzeller J and Avouris P, Carbon nanotube inter- and intramolecular logic
gates, Nano Letters 1, 2001; 453

27.Dai H, Hafner JH, Rinzler AG, Colbert DT and Smalley RE (1996), Nanotube as nanoprobes in
scanning probe microscopy, Nature, 1996; 384; 147-150.

28.Kim P and Lieber CM, Nanotube Nanotweezers, Science, 1999; 286; 2148-2150.

191



NAUSIVIOS CHORA

Deviations from Exponential Decay Law in the Time
Evolution of Quantum Resonant States Described by
Lorentzian Line Shape Spectral Distributions

Theodosios G. Douvropoulos

Hellenic Naval Academy, Physics Department, Hatzikyriakou Ave. Piraeus,
Greece 18539,
email: douvrotheo@snd.edu.gr douvrotheo@yahoo.com

Abstract. This paper investigates the deviations from exponential decay law for quantum
resonant states which can be approximately described by Lorentzian line shape spectral
distributions. We point the significance of the Lorentzian distribution in both classical and
quantum theory of resonances and its close relevance to the exponential decay law. Using
quite general physical arguments, such as the finite expectation value of the energy and
the kinematical dependence of the distribution, we investigate the appearance of these
deviations for short and long times respectively. We construct an analogous to the
continuity equation describing the correlation between exponential and non exponential
decay. When a measuring perturbation cancelling the terms in the second part of the
equation is possible, interesting questions arise as is for example whether the quantum
Zeno effect, in the limit of very short times, does really appear. It is found that besides the
homogeneity of the proposed continuity equation, other factors, such as the energy
dependence of the resonance’s complex energy shift, play an important role in the
observability of the non exponential decay.

Keywords: resonance, decay width, energy shift, survival amplitude,non exponential
decay, spectral distribution, continuity equation, exponential source term, Langevin
equation, observability, quantum measurement, quantum Zeno effect.
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1. INTRODUCTION

Resonances in quantum mechanics correspond to the unstable quantum states, and acquire
a complex energy spectrum. The latter seems to contradict with the structure of quantum
mechanics which is built in terms of eigenvectors in Hilbert space supporting a real energy
spectrum. However the unstable quantum state is an important example of irreversible
phenomena in nature and has a distinct role in quantum mechanics, ranging from excited atomic
states to short-lived elementary particles.

The resonant states interact and finally decay into continuum spectra. Their spectrum turns
to be complex since the imaginary part of each pole, equal to /2, is directly related to the mean
lifetime of the corresponding state via the 7 =h/I", and expresses half the energy width of the
resonance. The real part is constituted by both the energy value of the unperturbed state and
the energy shift due to the interaction with the continuum, giving the energy position of the
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resonance E,, (or resonance mass in the relativistic case).The study of the decay of an

unstable quantum state began with Gamow’s theory [1] of alpha decay of atomic nuclei and
Dirac’s theory [2] of spontaneous emission of radiation by excited atoms, while a general
treatment of decaying systems was given by Weisskopf and Wigner [3] and by Breit and Wigner
[4]. Siegert [5] was the first to associate the complex poles in the S-matrix of Wheeler [6] to
quantum resonances.

The signature of a resonant state is its spectral distribution. During the ages many models
have been proposed for the choice of the spectral distribution, see for example [7-12] and
references therein. Real and complex spectral distributions construct propagator functions with
substantially different properties and conseque-nces on the system’s time evolution. One of
them seems to be the different type of non exponential decay for both regions of short and long
times. The term non exponential decay is used for the description of the deviation from the
exponential decay law, related to the evolution of the survival probability during an irreversible
process. Although the exponential decay law is the universal hallmark of unstable states,
deviations from it often prove to be more consistent with quantum mechanics. The
dimensionless ratio

2ET = f3 (1)

which is defined as twice the ratio of the energy position to the energy width of the resonance, is
proved to be a very crucial and important quantity related to the appearance of such deviations,
[13]. Deviations from the exponential law are present at times very close to the initial preparation
time t = 0 and at very late times, while at “intermediate” times the exponential law represents a
very good approximation. The intermediate — time region alone satisfies the simple composition

law of probabi-lities P(z,)P(t,) = P(¢,+t,) . In this domain, therefore, a classical probability law

operates, and the results for the two — step measurement are the same as for the one step
measurement. At late times the decay law follows a power-law, which is however very difficult to
observe experimentally because it occurs at times for which the survival probability is already
vanishingly small. On the other hand, the deviations at small times occur within a very short time
scale, for instance 10™'°s for the electromagnetic decays of an excited hydrogen atom [14] and
even shorter for hadronic decays [15]. Beyond the theoretical prediction of such deviations there
is much clear evidence for their experimental observation as well. The above may take place in
many different branches of natural sciences, such as Nuclear Physics and Radioactivity, [16,17],
Quantum field theory, [18], Atomic and Molecular Physics, [19,20], Charge transport, [21], Fluid
dynamics, [22], Magnetism and spin dynamics, [16,23,24], Optics, [25], Chemical reactivity,
[26], Biology, [27], Acoustics, [28], Geophysics, [24],Stochastic differential equations, [29], and
may correspond to the presence of an unusual property in the system’s dynamics, [30,31]. The
above appear to be only a part of the extensive literature related to this subject.

This work studies the deviations from exponential decay law, in the framework of Lorentzian
line shape spectral distributions. For this we first show the way the Lorentzian distribution
appears in both quantum and classical mechanics. In quantum theory it is the work of Breit and
Wigner [4], who studied the behavior of unstable particles, that revealed the Lorentzian
distribution as the expression of the averaged phase shift of a wave in a scattering process. In
classical mechanics the Lorentzian distribution describes the mean amount of energy absorbed
per unit time, which is twice the mean value of the dissipative function, of a harmonically driven,
harmonic oscillator with friction. It corresponds to a kind of dependence which is called
dispersion-type frequency dependence of the absorption, [32]. We distinguish two types of
spectral distributions, the Lorentzian with a semibounded spectrum, which we call truncated
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Lorentzian distribution, and the generated complex Lorentzian distribution which occurs when
keeping only the physical appropriate energy pole.

Next, we explore the appearance of the deviations from exponential decay in the limit of
both short and long times. We use general arguments to show, that at short times the non decay
probability falls off less rapidly than would be expected on the basis of the exponential decay
law. The central point is that the time derivative of the survival amplitude at =0 is both finite and
purely imaginary. In the limit of long times we use kinematical arguments to show that the decay
has a time power law.

In the last part of the paper, we study the observability of the non exponential decay in the
limit of very short times. For this we develop a model for the study of the correlation between
exponential and non exponential decay, by constructing an analogous to the continuity equation.
The homogeneity of this equation is achieved through the process of a measuring perturbation
and is related to the observability of the non exponential decay. We discuss the possibility of the
appearance of the quantum Zeno effect, in terms of a measuring process. Since the energy
dependence of the resonance complex energy shift turns to be quite important, we explore
these topics for various strengths of the above mentioned dependence.

2. LORENTZ LINE SHAPE DISTRIBUTION IN CLASSICAL AND QUANTUM
MECHANICS

The fingerprints of a resonance reflect on its spectral distribution. The latter depends on the
background and kinematical factors, and so we can only recover the centre of the resonance
peak, which is the energy position of the resonance, and its width, defined as the energy
distance between the points of half maximum of the distribution. However it is desirable to
extract naturally the above mentioned quantities, as some kind of spectral information. This is
done in absolute degree by the Lorentzian distribution, based on the Breit Wigner
approximation,[4]. Breit and Wigner put the origins of the theory of quantum resonances by
studying the behavior of unstable particles. They postulated that if an ustable particle at energy
E, decays according to the exponential decay law then the energy density should be
approximately distributed according to the Breit-Wigner distribution which is Lorentzian line
shape. This was done in the mathematical content of a scattering experiment which is captured
by the scattering matrix and expressions derived from it. One of them, the scattering phase,
measures the averaged phase shift which a wave experiences while passing through the
scatterer, and according to the Breit-Wigner theory, should have an expression similar to the
Lorentzian distribution. The Lorentzian spectral distribution is mathematically given by the
following expression

1 r/2
f(E) == (2)
T(E-EY +T2/4

where £ =E +A is the energy position of the resonance and " is the width. In this formalism

E, corresponds to the energy of the unperturbed state in which the system is initially prepared at
t=0 and A is the energy shift due to interaction with the continuum. It is easy to see that the
Lorenzian distribution is the Fourier transform of the exponential factor of the form e T2
where we have used the atomic system of units 7z = 1,with contributions from both the negative

and positive time. Indeed we obtain for —o < £ <o
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_ 17 g2 gL 1 1 1
E) =— | dte™ =— 4+
1 2%[0 ¢ ¢ 27 T/2+i(E-E,) 2xT/2-i(E-E,)

1 T2
T(E-E) +T2/4

(3)
We recognize two isolated poles at £ =E +i['/2, that dominate the two pieces of the analytic

Fourier transform. The one piece varies as e '"'* for positive time and zero for negative time,

while the other piece varies as e'"/> for negative time and zero for positive time. However
neither piece corresponds to a compact autonomous state, since the state appears to be either
created at =0, or destroyed at t=0.

In classical mechanics the Lorentz line shape arises in the problem of a harmonically driven,
harmonic oscillator with friction. The differential equation describing its motion is the following
it+yx+o’x =ie"i”” (4)
m
where y stands for the damping constant, w, is the frequency of the unperturbed problem, fis
the amplitude of the force, m is the mass of the system, and w is the driving frequency. It is to
be understood that we take in account only the real part of the right-hand side. It is easy to see
that a particular solution of the above equation has the form

/m »
X(t): > f > - e it
0" -0 —ioy

()

It is then interesting to calculate the two point correlation function coming as

f Im fim ion
2 _ 4 T 3 ¢
o’ -0'+ioy o° -0’ —ioy

(x"(0)x(r)) = i]@dw (6)

The correlation function may be evaluated by complex contour integration yielding
for positive and negative times,

i 2 o 12U . o 712

m 297(29—1'7) 2Q)/(2Q+i}/)
2{ o120 o2

ZQ}/(ZQ + i7) " ZQ)/(ZQ —i}/)

} fort>0

(x"(O)x(r)) = (7)

f

m

} fort<0

f

m

2 2e—yt/2 efyt/Z )
WCOSQterSIHQt for t>0
or  (x'(0)x(t)) = ’
S

m

2 2eyt/2 e}/t/Z
ﬁCOSQZ‘"FﬁSiHQt fOT" t<0
y(4Q7 +77) Q4@ +77)
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where we have defined the frequency Q = Ja)oz —y* /4 . If the approximation

w, >>y is used then the above formulae take the much simpler form
f 2 2

m

(x"(0)x(1)) =

- COS @, t (9)

We see that the temporal behavior of the correlation function is exponentially damped for both
positive and negative time and thus directly related to the Lorentzian spectral distribution as we
have seen earlier.

_ Sim i9

We can attack to the problem in a different way. Let us write —; ———=p¢” and find
W, -0 —ioy

f 1 @y

— - and tan 4= . In this way a particular integral of
m\/(a)oz_a)z) +a)272 W, —o

i(9-ar)

pla,y) =

equation (4) is given by x(¢) = pe
side is given by

. The general solution of (4) with zero on the right —hand

x(t)=ce e +de"?e™ =ae"""? cos(Qt + @) (10)

In this way the solution of (4) is the sum

—yt/2

x(t)=ae"'" cos(Qt + @)+ p(w, y)cos(wt —F) (11)

Since the first term decreases exponentially with time, after a sufficient time only the second
term survives. In fact the first term describes the transient behavior of the system. In contrast
with a resonance without damping, the amplitude of oscillation, quantity p(w,y), depends on

the frequency of the driving force, and acquires its maximum value when a):«/a)o2 —y*/2

However this maximum is not infinite as for the case of the resonance without friction. If the
damping constant is small enough then the range of resonance is very close to ®,. Let us again

assume that @, >> y, and write @ = @, + 0w , with 6w very small. We will then find that

f 1
plo,y) == (12)
M 2@ \|o& +y* /4

During the oscillation the system continuously absorbs energy from the source of the external
force, which in turn dissipates to the environment. The mean amount of energy absorbed per
unit time is given as twice the mean value of the dissipative function, [33]. The latter is in

generally a quadratic function of the x, for a system with many degrees of freedom, and in our

1
case is given by F = Eym)'cz . Itis easy to see that
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F :%ym,o2 (@,y)sin* (ot - 9o = Fz%}/ma)z [i 1

2
mj 4o (5&)2 +y’ /4) -

(13)
f_2 y/4

d 4m (5602 +y° /4)

1

Clearly we have reached to the Lorentzian line shape for the energy absorption, and this kind of
dependence is called dispersion-type frequency dependence of the absorption, [32]. Thus,
classical and quantum physics include phenomena that they are supported by the Lorentzian
line shape distribution.

3. DEVIATIONS FROM EXPONENTIAL DECAY LAW IN THE LIMIT OF SHORT AND
LONG TIMES.

In the previous section we used the correlation function discussing resonances in classical
mechanics. The quantum analogous of the two point correlation function is the survival
amplitude, defined as

att) = (@, |, )= (0, |00) (14)

Here |(DO> represents the initial state of the system, meaning the state in which it has been

—iHt

prepared at ¢t =0 and H is the system’s Hamiltonian. The latter is assumed to be exactly known
and usually corresponding to the unperturbed problem where no interaction to the continuum is
possible. It can be described by a localized wave packet whose energy FE, is inside the

continuous spectrum. In this way |CD(t)> represents the time evolution of the initial state at

arbitrary times. We can now insert the unit operatorf constructed by the complete set of states
of the Hamiltonian

1=[dE|E)E| (15)
which obviously satisfy the Schrédinger equation %‘E> = E‘E> , and get

at)={® || ®,) = a() = (o, | [dE| E)E| | D) =

. _ (16)
a(t)= (@, | [dE| E)(E|e ! |@,) = [aE T (@ | E)f
where again we use the atomic system of units where 7 =1. The last term of the above
equation defines the spectral distribution in terms of the Hamiltonian states and the initial state

2
as well, through the p(E) = ‘<(DO ‘E>‘ . It demonstrates the physical meaning of the spectral

distribution as the weight function for contribution of each of the energy states of the

Hamiltonian to the construction of the survival amplitude. In other words the following quantity
E+dE

j p(e)de (17)

E

is the probability that the energy of the state lies in the interval [E,E+dE]. It is clear from (16) that
the Fourier transform of the spectral distribution is equal to the survival amplitude.The survival
probability is given by
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Pty =¥, | 0@ =|a(r)]’ (18)

and must satisfy the following two conditions: P(0) =1, and P(») =0, due to preparation and
non stationarity respectively. In order to compute the survival amplitude a(z) ,we must

know|cD(t)>, which is the solution of the time dependent Schrodinger equation. This is not trivial

at all since it demands the knowledge of all of the interactions in a generally complicated
problem. Alternatively we can assume a specific form for the spectral distribution of the system,
based on certain properties and conditions that have to be fulfilled, and then calculate the
survival amplitude through Fourier or Laplace transforms, [7-10,13], (and references therein).
Among the various types of spectral distributions the Lorentzian, although still an approxima-tion
is rather the most popular since not only occurs in many branches of physics and different
phenomena: deexcitation of atomic levels, alpha decay, resonant scattering, but also because it
constitutes the generator of many other types of distributions or extensions thereof, [13,35-43].
More than this it has been seen that the Lorentzian spectral distribution can be directly related to
Gamow vectors and exponential time evolution without violating causality, [35]. However an
issue to be discussed has to do with the violation of its spectrum boundedness. In other words
the Lorentzian spectral distribution violates the spectral condition to obtain a strict exponential
decay. This happens because we admit states with arbitrarily large negative energies. This
violation would also violate the second law of thermodynamics, [34] and the uncertainty principle
as well. For the first case we can imagine suitable interactions to take arbitrarily large amounts
of energy from the system. The first law of thermodynamics can be satisfied and yet the
available energy from the system is arbitrarily large. This must not be possible and so the
unbounded spectrum by itself should not occur. For the second case we have to think that the
infinite negative potential energy, would confine a particle in a very small area, for example an
electron near the nucleus. In this way both éx and dp tend to zero which is a contradiction to the
uncertainty principle. So, since the distribution should actually be truncated to positive E,
corresponding to the threshold of the continuum spectrum, we equivalently set p(E)=0 for

E <0.The p(E) is called Truncated Lorentzian Distribution TLD, and its general form is the:

F(E)/22 for £ >0
(E—E,~A(E)) +T(E)*/4 : (19)
= 0forE<O

pTLD(E) — N

where A(E)is the energy shift, T'(E) is the energy width of the resonance and Nis a

normalization factor different from 1/t since the distribution is now semibounded. For the same
reason both the energy shift and the energy width are now energy dependent. The distribution

pTLD(E) is a real function of energy and must satisfy the following condition of normalization,

since probability is conserved:

pHP(EYdE =1 (20)

O 8

%
which is equivalent to write a(0) =a (0)=1. This equation determines the value of quantity N
and gives:
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N(B(E),8(E)) ={[8(E) + tan”' ,B(E)]}_l (21)

where quantity 6(E) represents an angle close but not equal to 7/2 as a consequence of the
energy dependence of both quantities A(E)and I'(E), analytically shown in [13]. In fact the

energy dependence of the angle & makes the Lorentzian a better approximation. It is quite
obvious from eq. (19) that the truncated Lorentzian distribution reveals two complex energy
poles that come as the complex conjugates of each other:

z=E,(E)+il(E)/2 , z =E.(E)-il['(E)/2 (22)
However since the propagator function must properly describe the irreversible time evolution of

the system, only the z pole should be chosen in order to give the correct exponential decay

law of the form P(¢)[] e T Having this in mind some-one can propose instead a complex

function of energy that intrinsically carries irreversibility and causality, and arises from

pTLD(E) by keeping only the z" pole, meaning the Complex Lorentzian Distribution CLD:

N(B(E)) i
2 E-E(E)+iT(E)/2

pCHP (k) = (23)

| | | ~iE,1—(1/2)Tt
leading to a time evolution of the form |®()) = O(t)e ‘CDO>.

The Paley-Wiener theorem [44] states that if the spectrum is bounded from below, then the
survival amplitude and hence the survival probability decreases to zero as time passes less
rapidly than any exponential function, and thus deviates from expo-nential decay. In fact we can
show that deviations from exponential decay in the limit of long times, arise from clearly
kinematical arguments. As we have already pointed, the spectral distribution depends on the
background and kinematical factors. For example we can separate the phase space factor o(E)
in the spectral distribution and write the latter as

p(e) = f(e)-o(e) (24)

where the form factor f(g) expresses the energy distribution of the decay products, to whom the
unstable state is finally distributed. As time grows the wave packet of the initial state spreads so
that the decay products separate sufficiently far to be outside each other’s influence, and the
distribution becomes clearly kinematic. This means that the form factor is smoothly varying after
some large but finite time, since the corresponding interactions between the decay products
become negligible. The remaining phase space factor has the form

d (4 dk
o(E)=—| "2k’ |=dnk* & (25)
dE\ 3 dE
2
where k is the wave number associated to the remaining kinetic energy via the E = om In this
m

way we have

o(E)=8mrE- | " =a2xm’ *VE (26)
2F
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Thus, the survival amplitude for large times behaves as

e 0] 0 ©
a(t)= [ dEe ™ p(E) = [ dEe P o(B) = 42an® [ dEe I E
0 0 0
11 % 27)
= ;—4\/57[1713/2 j dze 2z 732
! 0

N

where we have reached the same result as in [13] but in a different way.

We may now examine the behavior of the survival amplitude, in the limit of very short times.
The spectrum of the Hamiltonian is semibounded and in addition we assume that the
expectation value of the energy at t=0 is finite. The expectation value of the energy may be

taken as <q)0 ‘ﬁ‘d)o> or alternatively via the use of the spectral distribution,

<E> = Igp(g)dg (28)

It is interesting to notice that the time derivative of the survival amplitude at =0 is connected to
the expectation value of the energy since it is true that

&) = [ dE(=iE)e ™ p(E) = |o&0)| = [ Ep(E)dE = (E) (29)
0 0

Writing down the survival probability we can actually write
dP(t)
dt

The time derivative of the survival amplitude is continuous since we have

PH=at)-a ()= =d&t)-a (t)+a(t)-o&(1) (30)

e 0] o0
|a$(t)| = jdE(—iE)e_’Etp(E) < j|E||p(E)|dE <o and <E> is finite. It is easy to see that quantity
0 0
a¥0) is a purely imaginary quantity equal to
a%0) =—i(E) (31)
If this is the case then the time derivate of the survival probability at t=0, is equal to
dP(t) R
7t_()=08(0)~a (0)+a(0)-c&(0)=08(0)-1+1-(—c8(0))=0 (32)
The last result shows that the decay can not be exponential at very short times since then we
P
should actually have, ar() , Oz—F. So at sufficient small time, the non decay probability

falls off less rapidly than would be expected on the basis of the exponential decay law.

For each case of distribution, TLD or CLD, it was shown in [13] that the time evolution of an
unstable system is constituted by two parts: the exponential decay part and the non exponential
decay part. The exponential decay parts were exactly the same for the two distributions, while
the non exponential decay parts had substantial in between differences. These differences had
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mainly to do with the form of the non exponential survival amplitude. The real spectral
distribution gave the following amplitude:

tan™! yij
"2 (B,a)= N(B,5) [ explia(f-tan6)] dO (33)
o
while the complex distribution gave:
Ell’l_1
1P () = MUE2) P d0expliattan 6 B)—0]) fcosd (34)
o

In the above relations we have used the following dimensionless quantities, « EZ/2Td where

7, is the mean lifetime of the resonant state and P =2E, /" as twice the ratio of the energy

position to the decay width of the resonant state. In addition the non exponential amplitudes
satisfy a different differential equation. Both of them come as a classical Langevin type of
equation, [45], with quantity @(f,0)=(f—tan o) (35)

corresponding to the frequency of the rapidly oscillating stochastic terms, and carrying
information from the limits of the spectrum, [13,46].

4. CORRELATION BETWEEN EXPONENTIAL AND NON EXPONENTIAL
AMPLITUDE.

The exponential part of the decay is totally determined by the width function T'(E) since the
latter describes the rate of exponential decay of the system’s survival probability. This quantity is
produced through the interaction of the system with the continuum, and there exist many
different methods for its calculation. For example it can be constructed through Fermi’s golden
rule, [47], where it is produced from the contribution of the matrix elements of the interaction
potential, or alternatively through path integral methods, [48], and contributions of the classical
action inside the potential barrier. The energy shift A(E) is also produced by the interaction terms
and according to [48] is given as a function of the derivative of the classical action inside the
potential barrier with respect to energy. It is clear from the above that both quantities I'(£)and

E,.(E) are similarly constructed and depend on the type and strength of the interaction with the
continuum, and so does their ratio 5.

Following Dirac’s formalism we can define a vector whose energy wave function is a
Lorentzian distribution, meaning the

)= a2l ~Jael2) o - = @

If we choose the boundaries of integration to be —oo < E < oo ,the length of this vector is given by

)= | dE(VY°|E)E|Y°)= | dE— =1 (37)
< | > _,!; < ‘ >< ‘ > 7 27T(E—Er)2+1“24

However if we choose the boundaries according to the rules of standard quantum mechanics,
0< E <o, we get
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(1) = (v ) )= a5

1% 1 1 _ ﬂ’3
— | dz =1-— 2 4
7r_'|.ﬂ z2+1 ﬂ{ﬂ 3 }

The first length equals 1, and corresponds to the pure exponential decay law as we have
already seen in eq. (3). The second length is less than 1, and corresponds to the mixed
propagation, exponential and non exponential, given as a function of the ratio B. It was shown in
[13] and can be established once more from the above relations, that in the limit where g tends

to infinity the exponential decay becomes the only contribution in the system’s time evolution,
(the results of equations 37 and 38 coincide). On the contrary when g takes values close to 1

the exponential decay part becomes much less significant. For intermediate values of the ratio 8
we get an interplay between exponential and non exponential decay and this is reflected on the
values of the length of eq. (38). It is easily seen that equation (38) describes an increasing
function of B. So there is an one by one correspondence between the strength of the
exponential decay and the values of the ratios. In this way the correlation between the

exponential and the non exponential decay generates translations in the g parameter and we
may think of it as the generator of the one dimensional space introduced by 3. Inside this

generalized space, the non exponential part of the decay will classically flow, while the space
points may act as secondary either destructive or constructive sources. The study of this kind of
behaviour is expected to extract information about the correlation between the two types of
evolution.

(38)

The continuity equation expresses the fact that inside a finite volume “mass” or “charge” is
conserved in the absence of external sources and this makes the equation homogeneous. As a
first step in the mathematical analysis that follows a generalized density and current must be
properly introduced. Classical intuition is related to probabilities which are the directly observed
quantities. But probabilities do not propagate. Propagation is for the amplitude. Thinking so, the
generalized density is defined by the non exponential amplitude itself, meaning

A= ITLD(ﬂ,a) or ICLD(,B,a) and depends on both space, (meaning f#=2E,/I') and time,
(meaning a = t/2z'd ). The corresponding current comes then naturally as

J = poia) (39)
o
The continuity equation comes as [49],
%0 +divJ =0 (40)
and takes the following form for the case of the non exponential amplitudes:
oA(p,2) 0 [ ,0A(p,2)
— =+ —| f——"=1|=0 41
o op P o “1)

In the following paragraphs the specific form of eq. (41) is investigated for the cases of real and
complex spectral distributions that were previously mentioned. It is easy to see after a little piece
of algebra, that the conservation law takes the following form:
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ortP o b (3 ) N 0 3 aI”D(ﬁ,a)) . sech(Ing)

1]x
oa op oa 4N(p,0)

. an'1
zN(r,g,cS) t j B [(B or 0.5)—(1 or 0.5i) tan O]exp[icz(tan & — )] dO
5

(42)

It is obvious that the continuity equation is inhomogeneous since an additional term in the right
hand of the equation appears and which we define as the exponential source term, (est).
However the lack of homogeneity has important consequences in terms of physics. Due to the
first term of the left hand side of eq. (42), the est corresponds to a first time derivative of an
amplitude and can be cancelled if a suitable measuring perturbation is applied. In the limit of
short times this cancellation would make the non exponential decay uncorrelated to the
exponential one, and consequently observable. So the question is whether these terms can be
cancelled at this regime of time. This can be achieved only if the est takes finite values which in
turn ensures that we can actually follow the system through its evolution. We are interested in
the limit of short times not only because it is the regime of time where the non exponential decay
becomes important but also because we may want to discuss some interesting and peculiar
phenomena such as the quantum Zeno effect.

The est term comes as a function of quantities a and g, and of the resonance’s lifetime 14

and corresponds to the correlation between exponential and non-exponential decay during the
system’s time evolution. The first thing to notice is the fact that the continuity equation becomes
homogeneous when the following condition is satisfied:

4N(pB,.=/2) =sech(Inf,) (43)

0,4 -

0,2 1

c®)

00 - -

_0’2 -
0,4 -
0,6 4

-0,8

T T T T T T T T T T 1
0 B, 2B, 4 6 8 10
ratio 8

FIGURE 1. The variation of quantity C(B) with 8. Its Lorentzian shape shows a maximum at 8=1.25, and
approaches -1 for both — 0,00.
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For a given system, the different possible values of quantity 8 correspond to different kind and
strength of interactions with the continuum.By solving numerically the

transcendental equation (43) we find two solutions namely g, =0.67 and 8, = 2.29. These answer

directly to the question of how close to unit must ratio 8 be in order for the non-exponential
decay to dominate the evolution. On the other hand and since B also appears in the limit of
integration in the right term of (42), as g — « the flow disappears and the same of course
happens with the correlation between the two kinds of evolution. In fact we can draw in Figure 1
that follows quantity C(B) as a function of 8 defined by

sech(Inp)
AN(p,7/2)

For both regions of f#— 0 and S — «,C(B) approaches -1. It is interesting to notice that C(8)
has itself a Lorentzian-like shape. When condition (43) is satisfied, the non exponential part of
the decay is conserved and the interaction between the two different types of propagation is
negligible.

CB —1] (44)

However we are interested for other values of the ratio  as well. For this we exa-mine in
more details the behavior of the est term, in the lines that follow. Concernig the real spectral
distribution, we first treat the case where the interaction with the continuum, through a potential
barrier for example, changes both 6(E) and B(E)in a way that the following relation holds

B(E) = tan 5(E) (45)

This would correspond to the situation where the complex energy shift is strongly energy
dependent. This makes 6(E) also strongly energy dependent and reflects on the magnitude of
its derivative. We can then approximate est ® and after a little piece of algebra find that

~j N(B,5) { sech(Inf3)

N 1+,32 IN(A.S) —1}(tan5—ﬂ) (46)

It is interesting to notice that there is no time dependence of the est®, to be discussed in the
next section. For all the other types of smooth dependent complex energy shifts we can
approximate est ~ as follows

est”, 2Td {N(ﬂ 5)—%}(
> 1 1
_ S S _
(B 5)exp(i(f.0) ; "H ((itané‘+1)"+1 (itané‘—l)"“]+
£ (n+1)! 1 1 )
5 —

=P 10)(,3 )t ; t/z'd) [(itané‘—l)'Hl (itan5+1)"+lJ+

© n+1 1 1

HZ(; t/Td n+2 [(Z,B+l)n+l _(lﬂ_l)nH]

where the above formula stands for times beyond the short time regime. In the region of very
short times it is easy to approximate est ® according to the following formula
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R
est

L [ sech(Inp3)

t<<=z-d 4

—N(,B,é')}x

(48)

{ﬂ(tanl f—&)+In " tan” } -

coso

costan” 3

%{(tanlﬂ—ﬁ)(l—ﬂz)—Zﬂln +tan5—ﬁ}
Tq

coso

In the case of the complex spectral distribution a different type of est € is revealed, where ¢
stands for the complex distribution. It is not difficult to find the following operator that connects
the est for the two different types of spectral distribution

est’ =15 R est® :l l—iﬂ—i est” (49)
2 o

We may now focus on the short time regime and discuss the observability of the non
exponential part of the decay. The case of long times can easily be handled, at least in a
theoretical base, since the polynomial form of the non exponential propagation always
dominates the exponential part after a certain number of lifetimes [13]. In the latter case the only
problem to be solved experimentally has mostly to do with the very small magnitude of the
propagation at these limits of time, while in the former case there exist other difficulties as well,
related to the quantum nature of the resonant states, and the tunneling process, [13,46,48]. The
angle o that enters the calculations as the second limit of integration in the propagator integral
equations, carries information from the limits of the energy spectrum at very short times and
contributes significantly to the non exponential propagation. An earlier study of these
contributions, [46], concerned the question of observability “of early time departures from
Fermi’s golden rule” where the issue of the non exponential propagation at 1 =0 was discussed
at length.

As we have already said est terms correspond to the first time derivative of a quantity with
the same dimensions as those of the amplitude meaning a matrix element of the form

(@,

stands for the initial state of the system at {=0 with energy Eo as has been already mentioned.
The evolution of the system is described by

Q(t)‘d%), where Q(t) stands for the perturbation effected by a measurement, and ©,

ih§|d)(t)> = H|®@)) (50)

where H is the Hamiltonian operator and |CD(0)>=(D0. We assume that the measurement

process at the limit of very short times permits interaction with the continuum. For example we
may have a time dependent potential barrier that alters both the classical allowed and classical
forbidden region of motion, and eventually quantities 6 and 8. This also changes the state of the

system from @, to |CD(t)>, and makes quantity <CDO|<I)(t)>:<CDO Q(t)‘d)O)Ea(t) the survival

amplitude. It follows directly from (50) that ifici(r) = (®, |ﬁ|<b(t)> and for t=0 we have

ina(0) = (0, |H|®,)=E, (51)
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The above relation expresses the fact that in the limit of very short times quantity ¢(0) must be

purely imaginary. This is true for the real Lorentzian distribution, as can be easily proved from
(48) where we get

sech(Inp)

a(O);ié{ .

-1

—N(ﬂ)}{b’(tan‘l ﬁ—5)+1nw} (52)
coso

This is not true however for the complex distribution due to relation (49) which makes «(0)a

complex and not purely imaginary quantity. This means that the complex spectral distribution
does not provide a complete theory for the observability of the non exponential decay in the limit
of very short times. Let us focus on the purely imaginary character of quantity @(0). Following

the steps that lead to exponential decay, we assume that the system is prepared in state ‘<D0> at
a time t and that the probability of decay in a time interval is I'dt . Thus if the probability that the
system was in state ‘<D0> is P(t) then the probability that the system will be in state ‘<D0> ata

time t+dt will be P(¢t +dt) = P(¢)(1-T'dt) and this of course leads to exponential decay. If we

now work with the survival amplitude we will take
2 2

1490 4 at) 4
()

a(t)

Pt +dt) =|a(t+dD)|* =|a(t)+a()dt)] =|a(t) = P(1)|1+ (53)

a

Since a(0)=1and a(0) =iy we have for t=0, P(dt) =1+ 72d12. The latter is greater than unit

however this inconsistency is removed if we take in account all the remaining derivatives of the
amplitude in the expansion of a(¢ + dt) . The case of exponential decay gives P(dt) =1-Tdt . If

we look at P(dt) as a polynomial of dt we note the absence of dt in the amplitude method. This

is due to our mistake assumption in constructing the exponential dependence,that the survival
probability changes entirely due to transitions out of the initial state where we have not taken in
account transitions back to the initial state. The latter would cancel the —I'dt term.

On the other hand eq. (52) together with (31) serve as a tool for the calculation of the angle 6(E)
that enters the Lorentzian distribution and takes in account the energy dependence of the
complex energy shift. Indeed we get the transcendental equation

—<E> fa | Ftan”' f+1n (cos tan ™' ,B) = Bo +Incoso (54)
&Z)

We can now discuss the finiteness of the time derivative of the survival amplitude. In fact we can
divide the physical systems in two categories: these where the expecta-tion value of the energy
is finite and these where it tends to infinite. Concerning the first case, we have already shown
that when the expectation value of the energy is finite then the decay rate approaches zero
ast — 0.The time derivative of the amplitude expresses the rate with which the measuring
perturbation should change in time in order for the non exponential decay to be observed.
Combining the above we are left with the conclusion that in this case we can follow the system
at sufficie-ntly small time and observe deviations from exponential propagation. But deviations
from exponential decay are equivalent to say that at =0 the decay rate tends to zero and not
equal to —I". Thus, if the unstable system is monitored for its existence at sufficiently small
intervals of time, it would appear to be longer lived than if it were monitored at intermediate
intervals, where the decay law is exponential. These are the conditions for the quantum Zeno’s
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paradox to appear, which states that in the limit of continuous monitoring the system does not
decay at all. The quantum Zeno effect was first understood by von Neumann, [50]. While
analyzing the thermodyna-mic features of quantum ensembles von Neumann proved that any
given state @, of a quantum mechanical system can be “steered” into other state ¥ of the
same Hilbert space, by performing a series of very frequent measurements. If &, and ¥
coincide, the evolution is frozen, meaning that a quantum Zeno effect takes place. The classi-cal
allusion to the sophist philosopher Zeno of Elea is due to Misra and Sudarshan [30], who were
also the first to provide a consistent and rigorous mathematical framework. We can easily see

that if the system is initially prepared in the unstable state |(Do> and is monitored on its survival
at the instants 0, t/n, 2t/n,....,(n-1)t/n, t the probability for its survival is given by P(t/n)" . In
addition since the survival amplitude is differentiable and 1‘960)=0, we can actually write for
n— 0.

{P(t/m)}" ={P(0)+ BO)t/n)} =1 (55)

independent of t. It is thus evident that the survival probability under discrete but frequent
monitoring will be close to 1 provided that t/n is sufficiently small to observe departures from
exponential decay law. The quantum Zeno effect is a direct consequence of general features of
the Schrodinger equation that yield quadratic behavior of the survival probability at short times.
Let H be the total Hamiltonian of a quantum system and @ its initial state. The short time
expansion of the survival probability yields a quadratic behavior of the form

P(t): 1-£*/7>  where 172 ={®,|H?|®,)—(D,|H|D,) (56)

and 7, is the Zeno time, [51]. It is easy to see that {P(t/n)}" = exp(—t2 /nrf) —1 (as n — o).

If the Hamiltonian is divided into the unperturbed Hp and the interaction part H, , the Zeno time
reads

1/z.zz = <(DO |I_Iint2 (DO> = e‘&<< (O) (57)
which in accordance to eq. (48) gives
2= 12{ sech(lnﬂ)_N(ﬂ’é,)}(
27} 4
can”! (58)
{(tanl ﬁ—é)(l—ﬂz)—ZﬂlnM+tan§—ﬁ}
cosd

In this way we can estimate the Zeno time as

. 2\/§rd
© Jsech(Ing)—4N(S,5)

Since the finiteness of the time derivative of the survival amplitude at {=0 turns to be very
important for the process of measurement, we may want to investigate its limits of accuracy as
these are determined from eq. (52). Due to the structure of the C(B) coefficient @(0) is expected
to have at least two roots, meaning the values of 8; and 8, that were previously revealed. This is
important because these roots correspond to regions of quantity 8 where a(0)remains finite.

We remind ourselves that these regions include resonant states where the non exponential

costan™'

[(tan'lﬂ—5)(1—ﬂ2)—2ﬂln +tan5—ﬁ} (59)
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decay dominates over the exponential, and according to the above quantum Zeno’s paradox
may appear. On the other hand eq. (52) describes the rate with which the measurement matrix
element should change in the limit of very short times in order for the non exponential decay to
be observed, as a function of the angle 6(E). When the latter is close to 11/2 then the complex
energy shift does not significantly depend on the energy and the spectral distribution is almost
Lorentzian line shape. For this reason we examine a(0) for different values of (E) close and

distant from 11/2, from T11/1.985 to 11/1.500. The figures that follow describe a(0)with B, for the
previously mentioned values of the angle &, covering each time two different regions of values of

B.

da(0)/ dt
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120 4

5=1/1985
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FIGURE 2. The variation of @(0) with B for an angle & = 7/1.985. a) For smalll values of 8 we have the
two minima generated by C(8), b) a third minimum appears for a value of 8 equal to 80x10°. For greater

da(0) / dt

values of B, a(0) approaches .
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FIGURE 3. The variation of @(0) with B for an angle & = 7/1.9. a) For small values of 8 we have three

minima, b) a fourth minimum appears for a value of 8 equal to 10°. For greater values of B8, d(0)
approaches 0.
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The existence of minima in the above figures, ensures the finiteness of the time derivative of the
survival amplitude, and enables the observation of the non exponential decay and generally the
delay of propagation out of the initial state. We can see that when the angle d is close to 11/2
minima appear not only due to the structure of C(B) for small values of 3, but for other values of
B as well. This corresponds to the case where the Lorentzian line shape distribution provides a
good approximation for the description of the unstable state. When & further changes, there is
no more space for other minima and a(0) approaches infinite as 8 grows. Thus the rate with
which the measuring process varies tends to infinite even if the matrix element of the process is

itself finite. In this way the variation of the measuring perturbation is discontinuous and we can
not follow the system in this limit although the measurement might be in principle realizable.

da(0) / dt

ratio B

(a)

da(0) / dt

T T T T T T T T T 1
-200 0 200 400 600 800 1000 1200 1400 1600 1800

ratio B

(b)

FIGURE 4. The variation of @(0) with B for an angle 6 = 17/1.8. a) For small values of 8 we have tho
minima, since the third is getting absorbed b) a third minimum appears for a value of 8 equal to 180. For
greater values of B8, a(0) approaches .
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FIGURE 5. The variation of @(0) with B for an angle 6 = 7/1.5. a) For small values of 8 we have again
the two minima generated by C(B), b) no other minimum appears for greater va-lues of @ since the
previous corresponding minimum is absorbed, and @(0) linearly approaches .

When we treat the case of a strongly energy dependent energy shift, we can see from (46)
that the rate with which the measuring perturbation changes, remains very small in magnitude
for all the moments in time and also purely imaginary. The small magnitude has to do with the

209



NAUSIVIOS CHORA

fact that in this case the non exponential decay domi-nates the propagation in the limits of very
short times, due to the strong contribution of the angle 6(E), [13,46], and so it is possible for the
detector to follow the system and observe it. We have already seen that the est acquires a

purely imaginary struc-ture for two reasons: g(t) is the part of the Hamiltonian that causes the
measuring perturbation of the system at =0 and in addition we can assume that the system can
indeed be prepared in the state |CD0> at that instant. Since the est=dad(t) conserves this

imaginary structure at later times also, it is clear that this is equivalent to say that we can
repeatedly reset the system to its initial state. In this way we can in principle observe the non

exponential decay and at the same time prevent decay by resetting the system back to @,

through repetitive observations, with a rate of change of the measuring process given by (46).
Thinking so, (46) could serve as a definition for the frequency of observation needed, where for
a wide class of systems, tests of nonde-cay repeated at arbitrarily small times would prevent the
decay of an unstable state. Again this is not true for the complex spectral distribution for the
same reasons explained in the previous paragraph.

Finally we may discuss the limit of very long times. As we have already mentioned the
Paley-Wiener theorem [44], states that if the spectrum of the Hamiltonian is bounded below, so
that p(E£) =0 for £ <0, then the survival amplitude decreases to 0 as ¢ — oo less rapidly than

any exponential function. This is essentially Khalfin’'s argument [8] proving the necessity of
deviation from the exponential decay law at large time. Looking at eq. (47) it is easy to

understand that all stochastic terms containing exp(ia)(ﬁ, 5)1) produce cancellations and so the
dominant term for n=0 takes the following form for the two distributions

' 1
T HANEB2)A] f (56)

Both terms rapidly go to zero as time grows, which makes it quite easy for the non exponential
decay to be observed in this region of time. However and as we have already mentioned at the
beginning of this section, a serious problem to be solved experimentally has mostly to do with
the very small magnitude of the propagation at this region of time.

5. CONCLUDING REMARKS

In this work we discussed the origin and some of the properties of the deviations from
exponential decay law, related to quantum resonances that can be described by Lorentzian line
shape distributions. For this reason we first demonstrated the appearance of the Lorentzian
distribution in both classical and quantum theory of resonances, as the mean amount of energy
absorbed per unit time and the scattering phase respectively. In our study we distinguished two
types of distributions both generated by the Lorentzian, namely the real truncated Lorentzian
which is the semibounded Lorentzian, and the complex Lorentzian distribution which emerges
when keeping only the appropriate >0 energy pole of the Lorentzian.

Following very general principles arising from kinematical effects, we showed that for large
times and due to the fact that the decay products to whom the initial unstable state is finally
distributed become uncorrelated, the kinematical factors dominate the distribution, giving a non
exponential time dependence of the form t¥2 In the limit of very short times it is important to
notice that the magnitude of the survival amplitude approaches the energy expectation value
and the amplitude itself is purely imaginary. Then both the semiboundness of the spectrum and
the finiteness of the expectation value of the energy, ensure that the time derivative of the
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survival probability approaches zero. Thus, at sufficient small time, the non decay probability
falls off less rapidly than would be expected on the basis of the exponential decay law.

We constructed an analogous to the continuity equation in order to investigate the
correlation between exponential and non exponential decay. We defined a spatial variable £, as

twice the ratio of the energy position to the width function of the reso-nance and showed that
there is an one by one correspondence between the strength of the exponential decay and this
ratio. We can achieve the homogeneity of this equ-ation by applying a suitable measuring
perturbation cancelling its second part, where the latter is defined as the exponential source
term, est. The est expresses the corre-lation between exponential and non exponential decay
and comes as the first time derivative of the previously mentioned measuring perturbation. For
both types of distributions we found the same values of 8 close to 1 that zero the est, correspo-
nding to the situation where the non exponential decay dominates the evolution. In the limit of
short times we proved that the complex spectral distribution does not provide a complete theory
for the observability of the non exponential decay, since it does not construct a purely imaginary
survival amplitude as it should. Concerning the real distribution in the above limit, we produced
the transcendental eq. (54) for the angle & that describes the energy dependence of the
complex energy shift as a function of the expectation value of the energy of the initial state. We
also produced eq. (59) that gives the Zeno time as a function of the ratio . We explored the
finite-ness of the est term for other values of B8 as well, beyond those close to 1, since this
permits someone to follow the system and observe the non exponential propagation, at least in
principle. We showed that the finiteness is achieved only for specific valu-es of the angle & close
10 T1/2. For the case of a strongly energy dependent energy shift we found that the rate with
which the measuring perturbation should change, is very small in magnitude for all the moments
in time and also purely imaginary, conce-rning the real spectral distribution. The first
characteristic was connected to the strong contribution of the non exponential decay while the
second was connected to the potentiality to repeatedly reset the system to its initial state. In this
way equation (46) provides information for the frequency needed for the repetition of the
observa-tions. However this is not true for the complex spectral distribution, for the same
reasons appeared in the short time regime.

In the limit of very long times both distributions produce ests whose dominant terms,
meaning those beyond the stochastic terms that cancel each other, rapidly go to zero with time
as 1/ . This fact makes it quite easy for the non exponential decay to be observed. However
the difficulty in this case has mostly to do with the very small magnitude of the propagation at
this region of time.
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